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Nomenclature

The most important and frequently used notations are listed here in order of appearance.
While each notation is explained in the text upon its first appearance, this Nomenclature
section may prove useful for quick reference.
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Cartesian coordinates,

Young’s modulus,

Vertical displacement of the (E-weighted) centerline ,
Intensity of the distributed load acting on the centerline z,
Cross-sectional area,

E-weighted area of cross-section,

Length of the beam,

E-weighted moment of inertia with respect to the axis ,
Support positions,

Axial force,

Coordinate measured on the axis z,

Rigidity of the spring,

Spring stiffness parameter, y = %,
Green function,
P G(x,£)

Kernel equation, K(x, &) = ozt

Dimensionless critical load, N = LZIl ,
ey

discontinuity in the cross-section (in Chapter 4),
Average surface density,

. 274
Eigenvalue, \ = p““}#,
ey
. . e ,OaQAZIe
Dimensionless parameters; & = —2 and xk = —— |
Iey1 p(llAlIey2

The first natural circular frequency of unloaded beam,

The first circular frequency for compression,

The first circular frequency for tension,

Radius of the circular shallow arch,

Arch length,

The angle and arc coordinates of the arch,

Cross-sectional coordinates of shallow arch ,

Circumferential direction (in Chapter 5),

Semi -vertex angle of shallow arch,

Axial and radial displacements on the centroidal axis (¢ = 0),
Initial geometrical imperfection,

Dimensionless initial geometrical imperfection,

Dimensionless amplitude of the imperfection and the mode number,
Longitudinal strain at any material point,

Effective membrane strain on the centroidal axis (¢ = 0),
Dimensionless displacement W = w/R , U = u/R

Radial dimensionless displacements of crown point,
Cross-sectional radius of gyration,

Modified slenderness parameter, A\, = 22
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Dimensionless geometry parameter(in Chapter 5), k = £<==,

Dimensionless strain parameter, u? = 1 — kepefy,

Dimensionless critical load, ) = q;;f,
Radial concentrated force,

E-weighted moment of inertia about the major principal axis 7,
Bending moment,

The i-th derivative in terms of ¢,

Denotes virtual quantities.



CHAPTER 1

Introduction

1.1. Stability problems of straight beams

The stability of beams is a critical aspect of structural engineering, influencing the safety
and durability of buildings, bridges, and various mechanical systems. Beams, as funda-
mental structural elements, must withstand diverse loading conditions without experiencing
failure due to instability. Since Euler’s pioneering work, significant advancements have been
made in understanding buckling. Numerous sources discuss the stability of shells, columns,
arches, and other structures [1,2,3|. Comprehensive solutions to various engineering is-
sues, along with practical applications, are detailed in books such as those by Wang and
Jerath [3,4]. Focusing specifically on the buckling of columns, book [5] provides an in-depth
exploration of the theory of elastic stability for continuously axially loaded columns. Addi-
tional significant findings are discussed in subsequent works |6, 7], which include the effects
of compressive forces exerted by ball-socket joints. Paper [8| also investigates the static
and dynamic stability of columns under self-weight through experimental, analytical, and
numerical approaches. Study [9] addresses the impact of geometric and load imperfections
on column buckling. Research [10] evaluates the influence of end-restraints, modelled as
linear rotational and translational springs, and proposes the introduction of a new standard
due to the significant discrepancies found with existing ones. In [11], variational iterative
method is applied for columns with variable cross-sections. Singh [12] focuses on function-
ally graded (FG) non-uniform columns. These are replaced equivalently with columns of
constant material and geometric properties. Study [13] examines the buckling behaviour
of geometrically imperfect columns, utilizing 3D printing so ideal geometries are perturbed
with their eigenshape for the experimental investigations. Article [14] also relies on additive
manufacturing to produce high-precision columns for buckling behavioral testing. Study [15]
explores optimization strategies against buckling in the presence of initial imperfections.

Regarding the concept of the Green function, its first appearance dates back to Green’s
1828 publication [16], which included the Green theorem, presented the Green function with
application to electrostatic problems determined by partial differential equations. Bocher
extended the Green function definition for two-point boundary value problems (BVPs) gov-
erned by ordinary differential equations in [17]. Book [18] systematically covers the Green
function concept. Early works [19,20] provide definitions and properties of the Green func-
tion for two-point boundary value problems governed by ordinary linear differential equa-
tions, including a collection of the Green functions in closed form for multiple conditions.
As for degenerated ordinary differential equation systems, some new findings are reported
in [21]. For some three-point boundary value problems governed by linear ordinary differ-
ential equations of order two, the Green functions are detailed in the paper of Zhao [22].
Multi-point BVPs are also prevalent in the literature — see, e.g., [23,24, 25| which establish
and solve specific four-point BVPs, including singular fourth-order p-Laplacian equation,
nonlinear BVPs using fixed points of strict set-contractions, and applications of the Leray-
Schauder theorem. Article [26] introduces a numerical iterative algorithm for non-linear
four-point BVPs. Wolfe [27] explores buckling using multiple theories, including global bi-
furcation theory, direct variational calculus, phase plane analysis, and singular perturbation
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theory. These methods are compared to show how they complement each other. The bifur-
cation theory, in particular, employs the Green function for a classical compressed column
with two supports. Khan and Al-Hayani [28| utilize the Adomian decomposition method in
conjunction with the Green function technique to solve the non-linear buckling equations of
a column in compression. This method is proven efficient and advantageous as it eliminates
the need for perturbation. Huang and Li [29] propose an efficient technique using Fredholm
integral equations instead of differential equations to address the stability of axially graded
material columns with variable cross-section.

1.2. Vibration problems of straight beams

The issue of beam vibrations is a key area of focus with a bunch of past scientific works.
For example, study [30] highlights transverse vibrations of buckled beams using partial dif-
ferential equations that account for nonlinear mid-plane strain. The given equations are then
converted into ordinary differential equations using the Galerkin method. In [31], the trans-
verse vibrations of Timoshenko beams with cracks are examined, with the model comprising
two segments connected by internal springs whose stiffnesses are proportional to the shear
force and bending moment at the crack. The beams are place on Winkler foundation. Free
vibrations of beams on an elastic Pasternak foundation with variable material properties
along their length are explored in [32]. The equation of motion are gained by Hamilton’s
principle. The effect of various parameters such as geometry, material, and foundation stiff-
ness are assessed. The study [33] investigates the free vibration of composite beams with
higher-order shear deformation using the isogeometric collocation method. The advantage
of the technique is that it requires only a single integration point per element. Double beam
systems are considered in [34], assuming a Winkler-type layer between them. The men-
tioned study incorporates both rotational inertia and shearing effects. In [35], the focus
is on large amplitude vibrations of beams on elastic foundation. Assuming Euler-Bernoulli
hypothesis, the equations of motion are derived using the Hamilton principle, and solutions
are obtained by means of the homotopy perturbation method. Research work [36] examines
the free vibrations of stepped beams with intermediate elastic connections. The vibrations
of multi-stepped beams with multiple concentrated elements are addressed in [37] using the
continuous mass transfer matrix method, yielding closed-form free vibrational frequencies
for Timoshenko beams. The Lumped Mass Transfer Matrix Method is introduced in 38|
to study the free vibrations of stepped axially functionally graded beams with point masses.
This method happens to be powerful and relatively simple, proving to yield efficient solu-
tions for this particular problem. The Adomian Decomposition Method is applied to stepped
beam vibrations in [39], yielding the same order of complexity as for a uniform beam. The
technique handles an arbitrary number of steps, making it suitable for approximating ta-
pered members. The same method’s effectiveness is demonstrated in [40], but for beams on
a viscoelastic foundation.

Systems made of multiple beams are analyzed in [41] from the perspective of transverse
free and forced vibrations. It is assumed that there is visco-elastic connection between the
elements. Xie et al. [42] implemented an improved third-order shear deformable theory for
beams made of functionally graded materials. The loading is a moving, concentrated one.
A direct numerical integration technique was applied to analyze the dynamic response and
address convergence issues. Talik et al. [43] present a novel method to reduce multi-point
correlated random excitation terms to a single modal excitation term for beam vibrations.
The equations of motion for a Timoshenko beam with concentrated mass under large, forced
vibrations are demonstrated in [44]|. The conservation of energy principle is used in the in-
vestigations, and the dynamic response is determined via the Newmark method. Article [45]
addresses self-weight loaded columns and cables through analytical and numerical solutions
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with a finite element software. In [46], the non-linear extended Timoshenko theory is applied
to bi-material beams which undergo both mechanical and thermal loads.

Forced vibrations of beams with damping effects are investigated in [47], where steady-
state Green functions are given using the variable separation technique. It is concluded
that for beams with a height-to-length ratio above 0.1, the Euler-Bernoulli model is not
accurate enough. The forced vibration of Euler-Bernoulli beams at resonance condition is
studied in [48| using Fourier transformation to the frequency domain. Closed-form solution
is obtained via the Fredholm Alternative Theorem. In [49], the thermo-elastic dynamic
analysis of micro- and nanobeams is presented. The related coupled equations are decoupled
using the Green function method, making the model suitable for determining free vibrations,
forced vibration displacements, and temperature fields. The Green functions are found using
the eigenfunction expansion and Laplace transform methods, solving the resulting decoupled
Fredholm integral equation with the kernel function method. Dynamic response of damped
Timoshenko beams to bending and torsion are investigated in [50]. The Green functions are
given for arbitrary boundary conditions via the Laplace transform method.

1.3. Stability investigations on arches

The study of buckling in beams, initiated by Euler [51], has spurred extensive research
and numerous models in the literature. Due to their initial curvature, curved beams behave
differently under mechanical loads compared to straight beams, which has attracted signifi-
cant interest from researchers. The use of curved beams is increasing in popularity for their
beneficial mechanical behavior under compression and their aesthetic appeal in contempo-
rary architecture. Curved beams are widely employed in the aerospace, civil, and marine
engineering sectors [52,53|. Numerous studies have examined the behavior of curved beams
to provide engineers with practical knowledge about their stability. Classical theories, such
as those developed by Simitses and Timoshenko, predict elastic buckling loads and provide
approximations for the classical buckling load for sinusoidal shallow arches under evenly dis-
tributed loads [54,55]. Since then, researchers have expanded these approaches, resulting
in closed-form solutions and finite element method analyses under various assumptions, like
in [56,57]. Accurate prediction of buckling loads is essential for resistance design [58].

The stability of a uniform half-sine shallow arch was examined under static loading in a
thermal environment in [59]. The kinematical theory is a modified Euler-Bernoulli hypothe-
sis, assuming large transverse displacements. The axial force is assumed to be constant along
the arch axis. The effect of concentrated, uniform and asymmetrically distributed mechani-
cal loads were examined by tracking the equilibrium paths. In paper [60] an analytical model
is presented from the virtual work principle capable to handle the in-plane elastic stability of
a shallow parabolic arches. These are supported by horizontal springs and are subjected to
uniformly distributed load. Several investigations have examined the effect of concentrated
forces at the crown point of arches [61,62,63,64|. These studies aim to improve the design
against collapse. Numerical studies have also shown that the position of the radial load no-
tably affects the non-linear equilibrium and limit-point buckling load [65,66|. The in-plane
elastic static stability of circular beams with cross-sectional inhomogeneity when exposed
to a vertical load at the crown point, was investigated in [67]. The critical loads both for
symmetric snap-through and antisymmetric bifurcation buckling are assessed. The effect of
an arbitrary load on fixed supports is addressed in [68]. The in-plane stability of rotationally
restrained shallow arches subjected to a temperature variations and a vertical uniform load
was investigated by Cai et al [69]. The nonlinear equilibrium and buckling equations were
established using the virtual work principle. Analytical solution for the nonlinear in-plane
symmetric and asymmetric bifurcation critical loads were found. Temperature variations
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had a considerable impact on the critical loads for both the symmetric snap-through and
asymmetric bifurcation modes.

Understanding the factors influencing arch buckling, including load type, material prop-
erties, and arch geometry, is vital. Incorporating these factors into the design process enables
engineers to develop arches better equipped to resist buckling, ensuring structural safety and
stability. Early investigations into the influence of geometric imperfections on the stability
of shallow arches are documented in references [70| and [71]. A more recent study, outlined
in reference |72, highlights that slightly imperfect homogeneous shallow arches with inter-
layer slip may exhibit multiple unconnected remote equilibrium paths. Additionally, Yan et
al. [73] investigated the instability observed in imperfect non-uniform circular shallow arches
subjected to radial pressure. They examined how the snap-through behavior is influenced
by parameters such as imperfection magnitude and mode number. Chroscielewski et al [74|
addressed the challenge of solving nonlinear BVPs for elastic structures, specifically focusing
on the post-buckling behavior of shear-deformable circular arches. Their paper discusses the
numerical difficulties involved in finding solutions for these structures, particularly under
highly nonlinear regimes.

1.4. Objectives

Based on the above literature review, the following objectives and issues are identified to
be solved in my thesis.

Objective 1. Using the core of Green function technique, my objective can be summa-
rized by the following points:

e To tackle the stability problem of heterogeneous beams with three supports, particu-
larly those with intermediate spring supports. The stability problems of these beams
are to be given by three-point boundary value problems.

e To develop an advanced stability analysis framework for heterogeneous beams with
three supports using the Green function technique.

e To clarify the properties of the Green function for the considered three-point eigen-
value problems and provide their calculations.

e To transform the eigenvalue problems established for the critical load into eigenvalue
problems governed by homogeneous Fredholm integral equations.

e Solving these integral equations numerically enables the determination of critical
loads, offering fresh insights into the stability of such beams.

e To investigate the impact of the middle support position on the ultimate load bearing
abilities.

Objective 2. Within the scope of the aforementioned discussion, my Objective 2 is
articulated as follows:

e To elucidate the structure of the Green function specifically tailored for a class of four-
point boundary value problems, generalizing earlier results from three-point boundary
value problems.

e To utilize the constructed Green function to transform four-point eigenvalue problems
into homogeneous Fredholm integral equations, with the Green function serving as
the kernel.

e To calculate the eigenvalues for the free vibrations of the considered beams. To
develop a solution algorithm for the eigenvalue problems governed by homogeneous
Fredholm integral equations by reducing these integral equations to algebraic eigen-
value problems, which are then solved numerically.
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To provide example about the applicability of the technique, involving heterogeneous
beams with four supports.
To validate the numerical results using commercial Finite Element (FE) software.

Objective 3. Within the frames of what has been mentioned above, my Objective 3 is
related to the application of Green function technique to study the vibration and stability
of stepped heterogeneous beams. In details, my goals are

To develop and formalize the definition of Green functions tailored specifically for
coupled boundary value problems. To clarify the intrinsic properties of these Green
functions and devise methodologies for calculating their specific elements.

To demonstrate the application of these Green functions to stepped heterogeneous
beams with two supports. To focus on beams fixed and pinned at both endpoints,
covering scenarios both with and without axial loads.

e To calculate the eigenfrequencies for both unloaded and axially loaded stepped beams.
e To transform the eigenvalue problems into homogeneous Fredholm integral equations,

solve these numerically, and provide accurate eigenfrequency data.

To assess the impact of axial tensile or compressive loads by replacing classical eigen-
value problems with Fredholm integral equations.

To provide detailed analysis and numerical solutions to stability problems, ensuring
the robustness of the Green function approach in various loading conditions.

To validate the proposed methods and solutions by comparing them with results
obtained from other established methods, such as finite element analysis.

Objective 4. It is my Objective 4 to incorporate geometrical imperfections into a one-
dimensional arch model to tackle the in-plane static stability of fixed arches subjected to
radial concentrated load. My investigations have the following aims:

To assemble a geometrically non-linear mechanical model that accounts for initial
shape error in order to assess the arch sensitivity to this kind of imperfection.

e To derive the equilibrium equations from a variational principle.
e To solve these equations analytically.
e To identify the limit points on the non-linear equilibrium path and analyze the effects

of geometric parameters on the critical load. To extend the analysis to include various
arch geometries to provide a comprehensive understanding of their stability behavior.
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Stability of straight beams with three supports with a Green
function technique

2.1. Differential equations

2.1.1. Governing equations. We will consider three heterogeneous beams, each with
three supports. The middle one is a linear spring. These are referred to in short as FssF
(fixed-spring supported-fixed), FssP (fixed-spring supported-pinned), and PssP (pinned-
spring supported-pinned) beams. They are shown in Figure 2.1. The beams have uniform
cross-section throughout their longitudinal axis. The centerline coincides with the axis & of
the coordinate system z, g, 2. Its origin is at the left end of the centerline. It is assumed that
the coordinate plane z2Z is a symmetry plane of the beams, while ¢ is a major principal axis
of the cross-section. The modulus of elasticity E satisfies the relation E(y, 2) = E(—y, 2).
Such case is called cross-sectional heterogeneity (or inhomogeneity). The length of the beam
is L, the position of the middle support is identified by the coordinate b.

Equilibrium problems of such beams — the axial force N is zero — are governed by the
ordinary differential equation |75]:

o f,
dit I,

where (%) is the vertical displacement of the (E-weighted) centerline, f.(Z) is the intensity
of the distributed load acting on the centerline and I, is the bending stiffness, given by

(2.1.1)

I, = / E(7,2)2*dA. (2.1.2)
A
If F is constant, i.e., the beam is homogeneous then
I, =1IE, I= / 22 dA (2.1.3)
A
2
N %

A

FIGURE 2.1. The considered heterogeneous beams.
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in which I is the moment of inertia to g.
In what follows we shall use dimensionless variables defined by the following relations
v=i/L, ¢£=¢/L, w=w/L,
dw  d . (2.1.4)
SO i, =2 =1,
dz dzx Llz=r1

where f is also a coordinate measured on the axis & with the same origin as for . Applying
dimensionless quantities to equation (2.1.1) we have

Y

d*w L3 Az
i = ., f. = ]ej (2.1.5)
This equation is paired with the boundary and continuity conditions of Table 2.1.
TABLE 2.1. Boundary and continuity conditions.
Boundary conditions
Fixed-fixed beam ‘ Fixed-pinned beam ‘ Pinned-pinned beam
with an intermediate spring support
(FssF beam) ‘ (FssP beam) ‘ (PssP beam)
w(0) =0, wP(0)=0|w(0)=0, wP(0)=0|w0)=0, w?0)=0
w(l) =0, wD)=0]|wl)=0, w?)=0| wll)=0, w?) =0
’ Continuity conditions ‘
w(b—0)=w(b+0),
w (b —0) =wh(b+0),
w®(b—0) =w?(b+0),
w® (b —0) — xyw(b) = w® (b+0).
Here it has been taken into account that
d3 g d3 _ . k
di? (b-0) ~ R0 = d?® (b+0) , e Ky’
where k is the rigidity of the spring, and
X = %L?’ = XL’
We remark that the general solution of the homogeneous differential equation
w® =0, w™= I(lfnw =0 (2.1.6a)
o itn=1,2,...
is very simple with the a; integration constants:
4
w = agwe(T) = ay + aox + azr® + gz’ . (2.1.6b)

(=1

If we know the Green function G(z,§) of the boundary value problem (2.1.5) and Table
2.1, the solution for the dimensionless deflection w is given by the integral

Y4
w(x) = / G, €)1.(6) de. (2.1.7)

The Green functions we shall need are presented in Section 2.2.
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2.1.2. Stability issue. Equilibrium problems of axially loaded and uniform heteroge-
neous beams are governed by

w® £ Nw? = f,, N:Lﬂl
I,
when the axial force N is constant (N > 0 for compression).
If the stability problem is considered the axial force is compressive and f, = 0. We have,
therefore, three eigenvalue problems (one for each beam shown in Table 2.1 ) — the eigenvalue
sought is N — determined by the differential equation

w = - Nw® (2.1.9)

and the boundary and continuity conditions in Table 2.1. If we write —N w® for f, in
(2.1.7) we get

w(x) = _N/O G(:L‘,f)dzw(g) df = —N (G(x’g)dw(g)

(2.1.8)

ez dé

‘ 0G(x,€) dw(€)
o A o e ¢

where

dw (&)
G(x, &) ———=
( 5) df 520

since the Green function should satisfy the boundary conditions. Thus,

N/ 8Gm§dw§)d€

=0

After derivation, is is found that

G(z,€) dw(§)
N/ ox o  d¢ ds.

Now with the new variables:

dw 0*G(x, )
- i S VA 2.1.1
we get a homogeneous Fredholm integral equation:
¢
N [ Kt ute) de (21.1)
0

In this way the eigenvalue problems are reduced to eigenvalue problems governed by ho-
mogencous Fredholm integral equations. The above steps are based on [19]. Differential
equation (2.1.9) can be rewritten in the form

K(w) = AM (w); Kw)=w®, Mw)=-w?, X=N. (2.1.12)

The exact solution w(zx) is a comparative function, while the differential operator K (w)
and the eigenvalue problems mentioned are self-adjoint.

2.2. Green function definition and construction for three-point BVPs

2.2.1. Definition. We shall consider the inhomogeneous ordinary differential equation

Lly(x)] = r(x), (2.2.1)
where the differential operator of order 2k is defined by

= palz)y™ (). (2.2.2)
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Here, k is a natural number, the functions p,(z) and r(z) are continuous and por(z) # 0 if
z € [0,¢] (¢ > 0). Moreover let b an inner point in the interval [0,¢]: b= {1, { — b = {5 and
O+l =1

We assume the inhomogeneous differential equation (2.2.1) is paired with the homoge-
neous boundary and continuity conditions:

2k
") =0,  r=1,2,...k
n=0
2k 2k
S Bty V0 =Y Burryy N (0) =0, r=1,2,..,2 (2.2.3)
n=0 n=0

2k
ZVanIZ/&T[L_l)(g) =0. T:1,2,...,]{Z
n=0

The Latin subscripts I and I refer successively to the intervals [0, 0] and [b,¢]: y; and y;;
are the solutions to the differential equation in the interval I and I1. While a1, Brrrs Burir
and ~,,;; are arbitrary constants.

Solution of (2.2.1), (2.2.2) and (2.2.3) is sought as

l
y(z) = / G, €)r(€)d (2.2.4)

where the function G(z,€) is the Green function defined by the following formulas and
properties [76,77]:

Formulae:
Gll(x7§) if I?é S [O,Q,
) Go(z,6) if x € [b /] and € € [0, 4],
C@O=9 Grya,6) it 2 [0.6] and & € [b.1], (2:25)
GQII(:L‘7€) lf :ﬂ,ﬁ € [baf]
Properties:

1. The function Gys(z,§) is a continuous function of z and £ if 0 < x < ¢ < b and
0 < ¢ < x <b. In addition it is 2k times differentiable with respect to x and the derivatives
8"GH (l’, f)
oxn
are also continuous functions of x and £ in the triangles 0 <z < ¢ <band 0 <<z <b.
2. Let € be fixed in [0,b]. The function Gy7(z,&) and its derivatives

= Gyy(z, 6™ (z,6), n=12,...,2k (2.2.6)

n 0"Gy(x,§)
GgI)(ajag) = # ;

should be continuous for = = ¢&:

n=1,2..,2k-2 (2.2.7)

lim |G (¢ +6.6) - G (e~ 2.9)| =
=[G +0.0-GPE-0.6] =0, n=012. 2k-2 (228)
The derivative nglkfl)(a:, ¢) should, however, have a jump if z = :
lim [G2F V(¢ +e,6) — G (€ —e,)] =

= [e3 0.0 - E Ve —0.8)] = —

ka(f) '

(2.2.8b)
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In contrast to this, Gas(x, &) and its derivatives
_ G"Gﬂ(x, f)
daxn

are all continuous functions for any z in [b, ].
3. Let £ be fixed in [b, ¢]. The function Gy /(z, ) and its derivatives

Ggl)l(xaf) = 18[;7” )

are all continuous functions for any z in [0, b].

G\ (z,€) n=12...2k (2.2.9)

n=12,...,2 (2.2.10)

4. Though the function Gas/(x, &) and its derivatives

_ 8"G2H(x, f)

=1,2,...,2k—2 2.2.11
axn Y n ) ) Y ( )

GOy (x,€)

are also continuous for z = &:

lim [Gé’}}@ e &) -G —¢, g)} _

- [Gg;}@ +0,6) - GW (e - 0,5)] —0, n=0,1,2...2k—2 (22.12a)
the derivative Gg]fl)(x, €) should, however, have a jump if z = £:
lim (G V(6 +2,6) - GRY g —20)] =

= [65i P +0,0 -G e -0,6)] = (2:2.12b)

1
pax(§)

5. Let o be an arbitrary but finite non-zero constant. For a fixed £ € [0, ¢] the product
G(z,&)a as a function of x (x # £) should satisfy the homogeneous differential equation

L[G(x,&)a] =0.

6. The product G(z,&)a as a function of x should satisfy both the boundary conditions and
the continuity conditions

Zik:1aanG(n71)(O):O7 r=1....k
ZZL (/Bnrl G (b—0) = Bt GV (b + 0)) =0, r=1,...,2k (22.13)
Zik:l 'anHG(nfl)(g) =0. r=1....k

The above continuity conditions should be satisfied by the function pairs G1;(z,§), Gor(z, §)
and Gyrr(z,€), Gor(x, &) as well.

Integral (2.2.4) satisfies differential equation and boundary conditions (2.2.3). Because
the BVP (2.2.1) and (2.2.3) is self-adjoint, the Green function is symmetric [76]:

Gz, &) =G ). (2.2.14)

In Subsections 2.2.2, 2.2.3 and 2.2.4 we present the Green functions for the boundary
conditions of Table 2.1. The calculations are detailed for FssF case only.

2.2.2. Green function for FssF beams.
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2.2.2.1. Calculation of the Green function if £ € [0,b]. As regards the form Gq;(z,§), it
is distinguished as

4
G11(2,8) = > (m1(€) + bpr(©))wim(z), 7 <E
m=1
- (2.2.15)
Gi1(2,8) = > (ami(€) = bt () wm(z), 2>
m=1
if z € [0,b]. Otherwise, it has the structure
4
Gor(z,8) =Y crr(§w (2.2.16)
m=1
if x € [b,£]. The coefficients a,,1(€),bmr(§) and c¢pr(§) are unknown functions, wy, () is

defined in equation (2.1.6b).

This representation for Gi;(x, ) and Gor(z, ) ensures the fulfillment of the above listed
properties.

The related continuity and discontinuity conditions (2.2.8) return

> b (i (€) =0, n=0,1,2 (2.2.17a)
. 1
> bur(©u(E) =~ (2.2.17D)
m=1
For FssF beams equations (2.2.17a) and (2.2.17b) are
1 ¢ ¢ & b 0
0 1 26 38 | | bar | _| O
00 3 6 o= o | (2.2.18)
000 6 ||bu -1
yielding
3 2
1
bir = %, bor = —%, bsr = i, bar = 12" (2.2.19)

Note that the results for b,,; are independent of the boundary conditions.
As per Property 6, Gi7(z,§) and Gor(z, ) should satisfy the boundary and continuity
conditions. This condition returns the following equations:

(i) Boundary conditions at z = 0:

auwl(O) + CLQ[UJQ(O) + CL3[UJ3(O) + CL4[U}4(O) =
= —buwl (O) — b21w2(0) — b31w3(0) — b4]U)4(0) s (2220&)

airwV(0) + aznglf)(O) + a3[W§1)<O) + agw(0) =
= by (0) = by (0) — bgyw§” (0) — baywP(0). (2.2.20D)
(ii) Continuity conditions at x = b:
ayrwy (b) + azrwa(b) + azpws(b) + asrwy(b) =
= byywy(b) 4 baywa(b) + bsrws(b) + baywy (D), (2.2.20c¢)
c1rwy (b) + carwa(b) + c3rws(b) 4+ cqywa(b) =0, (2.2.20d)
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arw) (0) + agrw) (0) + asrw (b) + agw (b)—
— cyywi? () = corw (b) — ezl (b) — eqpul” (0) =
= byl (b) + baywS? (B) + bsrw? (b) + byyw(P (), (2.2.20e)

arywi? (b) + azrwsy (b) + asrw§? (b) + aspwi® (b)—
= e (b) = carwy? () = carwy” (b) — earw? (b)—
— x(c1rwi(b) + cowa(b) + c3rws(b) + carwy (b)) =
= by (b) + boywS () + bsw® (b) + by (b)  (2.2.20f)
(iii) Boundary conditions at x = ¢
crrwy (€) + corwa(€) + csrws(€) + carwy(€) =0, (2.2.20g)
crw (€) + eorwlD(0) + C3Iw§1)(f) +eguwi’(0) =0. (2.2.20h)

After the solutions are found for the linear system of equations, they are plugged back
to the formula for Gy;(x, &) so that

Gulr) = 3 @ = ba@) i) = (5 2 L) 4 (Bere ().

(=1

3 304 — 1203¢ 4+ 60262 + xb (€ — b)° (b20 — 3b0E 4+ 062 + €20 — £b%) 3¢\
12 0 (xb3 (€ — b)* + 363) 12

3 1Qp2¢2 1 apd _ 3 3_3p2¢2_ 2 3
_ L 1268218062364 x (E0) (PUHE-3E -3 H3E) | —1) 5 001
12 ¢ (xb® (€ — b)> + 303) 12

As regards Gor(z, ) the result is

4
G2I 33 f E Cef
=1

182 (@—0?
40 b3 (0 —b)® + 363
2.2.2.2. Calculation of the Green function if & € [b,f]. The following notations are ap-
plied:
If z € [b,¢] then

(2607 — 620* + 4zl + xb* (€ —b)* (b—2) (€ — D)) (2.2.21b)

hE

Gorr(,8) = ) _(amrr(§) + b (§))wm(z),  <¢
" (2.2.22)
Garr(2,6) =Y (amir(§) = burr () wm(z), o>
however, if x € [0, b] then
Girr(2,€) =) ot (§wm(2), (2.2.23)

where the coefficients a,,17(€), b (€) and c¢pr7(€) are unknown. Continuity and disconti-
nuity conditions (2.2.12) determine an equation system for the unknowns b,,;7(§), ¢nrr(€)
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m =1,2,3,4. Tt holds that by7(£) = byur(£).

(i) Boundary conditions at = = 0:

C1rrw1 (0) + CQ[[U)Q(O) + Cg]]lUg(O) + C4[[’LU4(O) =0. (2.2.24&)
Cljngl) (0) + ngngl)(()) + C3[[w§1)(0> -+ C4][wi1)(0) = 0, (2224b)

(ii) Continuity conditions at x = b:
C1171W1 (b) + CQ[[U)Q(b) + C3[[’w3(b) + C4[]w4(b) = 0, (2224C)

arrrwr (b) + azrrwa(b) + asrrws(b) + asrrwa(b) =
= —bljjwl(b) — bg[[ll)g(b) — bg[]lUg(b) — b411w4(b), (2224d)

alnwgl)(b) + CLQ[[wg)(b) + agnwél)(b) + (14][111[(11)(13)—

- Clnwgl)(b) - C2Hw§1)(b) - 0311w:g,1)(b) - C4Hw4(11)(b)

= —blnwgl)(b) — bQ[[wél)(b) — b3[[’w§1)(b) — b4[[w4(11)(b) s (22246)

— arw® () = agrrwiy (b) — agrrws” (b) — agrrw? (b)—

+ 1wl (0) 4 corw$P (b) + esrwl? (0) + carw® (b)) +
+ X (errrwi(b) 4 corpwa(b) + c3rrws(b) + carrwy (b)) =
= by wS? (0) + bayw? (B) + by w (b) + baw® (b) . (2.2.24f)
(iii) Boundary conditions at x = ¢:

arrrwr (€) + azrrwa(€) + agrrws(€) + agrpwa(€)—
— bl[[wl(g) — bg[['wg(g) — bg[[U)g(f) — b4[[w4(£) = 0, (2224g)

alnwgl)(é) + agnwgl)(ﬂ) + agnwz(,)l) (f) + d4[]w§11) (f)—

— bH[wgl)(£> — bQngl)(ﬁ) — bg[]’w:())l) (g) — b411w511) (6) =0. (2224}1)
Since c¢171 = corr = 0 the last equation system has the following form:
16 b b —b? b 7 Taur] [ —&3 + 3b€2 — 3b%¢ + b3 7]
012b30* —2b —3b? asyr 362 — 6b€ + 3b?
00 2 6b —2 —6b asrr | i —6& + 6b
000 —6 —\b? —x*+6]| |ay | = 12 6 (2.2.25)
1602 3 0 0 C3IT €3 — 3620 4 3¢0? — 03
012032 0 0 1 Learr | =382 4660 — 302

Solution of the above yields the coefficients, that makes it possible to construct the terms
Grr(z,§) and Goy(,§) as

Gurr(z,§) = Z cer(§we(r) =

_ 122 (-0
40 xb3 (0 —b)® + 306

(2207 — 6€0% + 4l + by (b—0)* (€ = D) (b— 1)) (2.2.26a)
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and

Gorr(2,€) =Y (aerr(§) £ byrr () welx) =

/=1
1306 40P (6% + L8 + 0% — 3020 — 30P0% — 3be°E° + 6V | € N
12 xb3 (0 — b)* + 363 12
( 3 303674 xb° (D074 20767 4 3DEP 02 — 3L+ 177 — 3bL3E— b°E?) N —352) -
12 xb? (0 — b)® + 303 12

12 ¢ (xb3 (£ — b)* + 3¢3)
3 b (U1 — 46+ 206 — WP E— WPUE — PE+ VE+ P4 300¢) | 3¢
— — | T
12 0 (xb3 (€ —b)* + 3¢3) 12
118620 — 30t —120¢°
124 (xb3 (€ — b)* + 3¢3)
L L X (366° — 3K 4 3b6° — ObEE + 60 — AUE® + GB2EL — b — 1) | 1)) ,

3 *
12 ¢ (xb? (€ — b)* + 33) 12

< 3 304¢ — 12032 + 60263

+

(2.2.26b)

Figure 2.2 displays the Green function of an FssF beam when L = 100 mm, é = 75 mm
as a function of the dimensionless spring constant x. If (x = 0) [x — oo] the beam behaves
as if it were a (fixed-fixed beam, see Table 8.1 in [78]) [fixed-fixed beam with an intermediate
roller support, see Figure 2 in paper |77|for a comparison|. The graphs that show the Green
function are the continuous lines, and the markers are the computed values.

G(X,E=75mm)
1000
28T
26T
24T
22T
20T
18T
16T
14T
12T
10T
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06T
04T
02T
0.0 % T == T T T T T T T T T T T T 2 4
02+ 05 1.0 THh=>2(—25 035240 45 50 55 60 65 70 7/5 80 85 90 95 10.0

-04 —

5:75n‘m

FIGURE 2.2. The Green function of an FssF beam.

2.2.3. Green function for FssP beams. Repeating the calculation steps detailed in
Subsection 2.2.2 but now for FssP beams, it is now simple to find the following four elements
of the Green function:
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! 3 3 9
-tz -(§+5)-+ (5 ()

. < 3 120 (2 + €= 360) —xb (b — )° (b — 4b*0 — 2% + 1206 — 46€?) | 3_5) 2

1 b (40— b) (b— 0)7 + 1203 12

(L 1eEe-g -1
12 b3 (40 — b) (b — £)? + 1203

1ox (b= 0)° (b — 40+ 6b%€% — 82§3b + 12670 — 46°0) | 1 ) . (2.2.27a)
12 Xb3 (40 — b) (b— 0)* + 1203 12
2 [ 2662 — 2026 — 3x*( — 2w + £a?)
Gar () Zcmf wm( (E #)¢ < Xb? (40 = b) (€ = b)* + 1243
Xb2 (b — x) (é — b) (26 — i) - a:) (b - 5)) ’ (2.2.27b)
XU (40 — b) (€ — b)? + 1203

GlII Jif E CmH wm

2 (6607 —20%x — 3620 —20x€ + x€?)
(5 2 ( Xb3 (40 — b) (€ — b)* + 1243 i

Gl Gl Gl Y€l KU x))  (2.2.270)
xb? (40 — b) (£ — b)* + 1203

4
Gorr(z,§) = Z (aprr(&) £ berr(§)) we(x) =

/=1
1126963+ xb° (B6° 90260 6020 — 126600 + AP+ 180 +46°F°) | €
12 X0 (40 — b) (£ — b)* + 1203 12
( 3 120€2 0P (AB*0° — 120600 + 40367+ Ob(°6* + 20°€° — 1% — 6bLE?) | —3§2) .
12 xb3 (40 — b) (£ — b)* + 1263 12
. (i 1206 (€2 — 3¢ + 2)
12 b3 (40 — b) (0 — b)® + 1203

3 XV (ODEL? — 120%€7 1 ALE7 4 2% — V6 + el — 6V6%) 35) P

12 xb? (40 — b) (£ — b)* + 1263 12

(oL 12(8° =308+ 0%
12 yb3 (40 — b) (€ — b)* + 1203

1 XDP (405 — 9be® + 18bES 1255 GO°€ +4°+0°)  —1)) 5 (2.2.27d)
12 Xb3 (40 — b) (£ — b)* + 123 12

2.2.4. Green function for PssP beams. As regards PssP beams, the following equa-
tions constitute the Green functions:
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ig 12034 6620—902¢ + xb ((—Db)? (4b*0—3bLE + 2620 + £2b—bP) N <_3_§2) -
12 ¢ (xb? (€—b)* + 3¢) 12

. (_g 35) 2y <_i3£2 —60E 4y (£—b)* (120 — 2bE — €1 + €7) i_—1> .

12 7 12 12 0 (xb* (€ — b)® + 30) 12
(2.2.28a)

1
120 (xb? ((—b)* + 30)

+xb(b—2) (0 —x)(l—b)(20—b—x)(b* - 52)>, (2.2.28b)

(66 ((—z) (220 — 2* — &) +

Gunrle, &)=Y conr(wnle) = 5 1 <6f (=€) (260 — & — %) +

— 120 (xb? (£—b)* + 30)

FXb(b=E (U= (L—b)(20—b—&) (b* — x2)> (2.2.28c¢)

4
Gorr(x,€) = Z aerr(€) £ berr(§)) we(x) =

=1
1 3€§ — XU (2P0 — 2% — 30 + S — (' + ') | &
12 Xb2 (0 —b)* + 3¢ 12
1 30¢ (262 — 3¢ + A1%)
<ﬁ £ (xb? (€ = b)% + 30)

L X? (3767 — 8B + 2002 4 GHE(— AbLE + (b — b'é + b2€%) | —3¢? ) -

+

2 ¢ (=) +30) .
( 3 U6+ B (€ 1203 EC 1) %) 224
12 xb? (€ —b)* + 3¢ 12
2 2/ 12 3 3 opp2 _ 9¢2 _
1302 — 6¢ + xb? (—b%€ + ¢ 0 200 bl 3% Dyl s (22980
12 ¢ (xb? (£ — b)* + 30) 12

Note that the Green functions given by equations (2.2.21) and (2.2.26) (FssF beams),
(2.2.27) (FssP beams), (2.2.28) (PssP beams) are dimensionless quantities. However, if we
write I;, L, z, f and x for b, £, z, £ and x in these formulae we obtain the Green function
for the case when we use a selected length unit. Then the unit of the Green function is the
cube of the length unit selected and the displacement field w(z) due to the distributed load
f-(2) is given by the relation

1

ile) = = | G816 (2.2.20)

ey

2.3. Stability problem of beams

2.3.1. Solution procedure. There are several methods to find the critical loads. Like-
wise, one can solve the eigenvalue problem numerically with, e.g., the boundary element



Stability of straight beams with three supports with a Green function technique 17

technique, or alternatively, one can find the related characteristic equations to be solved nu-
merically. The use of the boundary element technique is preferred hereinafter while the char-
acteristic equation will serve as benchmark. The solution procedure is detailed in book [78].
It is noted that the interval [0, 1] was divided into 40 quadratic elements. A Fortran 90 code
was developed. The resulting algebraic eigenvalue problem was solved with the subroutine
DGVLRG.

The kernel in equation (2.1.11) takes the structure

K1[($7£) if x?f € [076]7
§

) Ka(z,6) if x €[b, ] and € € [0, 7],
RO =9 Kyr(a.) if o€ [0,b] and € € [ 4] (2:3.1a)
’C211<x7§) lf JI,§ € [bv 6]7
where ) ,
Kl](xvf) = aG@;I—(a'?O’ ICQI(J:7€) = %7
) ) (2.3.1b)
’Cln(%f) = —8 Gg;;g?g), IC2H(I,§) = —8 %;Ia(?g)-

2.3.2. Numerical results.

2.3.2.1. FssF beams. Figure 2.3 illustrates the dimensionless critical force /Nt /7 of a
FssF beam for multiple values of b, and x. The graph shows that when y = 0, so there is
no middle support, the beam behaves as a standard fixed-fixed beam, yielding a constant
critical force of 2.0. As y increases, indicating a stiffer intermediate support, the critical force
rises continuously and significantly. Peak values are found at b = 0.5. For very high values
of x, the beam behaves as if it had a nearly rigid support at the midpoint, substantially
increasing the critical force the beam can withstand.

i

30T
29T
—y = 200
28T
27T
x = 150
26T
2 =125
25T
x = 100
241
x =175
23+
x =50
22+
=25
211 x
2.0 1 x=0
19+
18 : : : : : : : : : +—b
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 050

FIGURE 2.3. The dimensionless critical force for an FssF beam.

2.3.2.2. FssP beams. Figure 2.4 shows the dimensionless critical force for FssP beams
against b. Unlike FssF beams, which exhibit symmetric behavior around b = 0.5, fixed-
pinned beams show that the critical buckling force is influenced by the position of the
intermediate support b, with the maximum resistance to buckling occurring when b is placed
around 0.63. For y = 0, the results for fixed-pinned beam are retrieved, with a constant
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critical force of 1.4303. As x approaches infinity, the beam behaves as if it has a rigid
intermediate support, with the critical force peaking at approximately 2.458 (see Figure
7 in [77] for comparison). This trend reflects that intermediate supports, particularly at
mid-span, can drastically enhance the buckling resistance.

Nail 7
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FIGURE 2.4. The dimensionless critical force for an FssP beam.

2.3.2.3. PssP beams. Figure 2.5 illustrates the dimensionless critical force for PssP beams
as a function of the support position b. When y = 0, the beam behaves as a simple pinned-
pinned beam, yielding a dimensionless critical force of \/ N /7 = 1.0. In this configuration,
the dimensionless critical force reaches its maximum at b = 0.5. As x approaches infinity,
the beam behaves as if it had a rigid intermediate support, yielding a critical force peak at
approximately 2.0.
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FIGURE 2.5. The dimensionless critical force for a PssP beam.

2.3.3. Example. Consider now a PssP beam with a rectangular cross-section as shown
in Figure 2.6. It is assumed that a = ¢ = 100 mm, a1 = az = a/3, E1 = Fauminium ~
7.0-10* N/mm® while Ey = Fgeq &~ 2.1-10° N/mm®. The length L of the beam is 2000 mm.
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FIGURE 2.6. The cross-section of an PssP beam.

Under these conditions

3
L, = f—2(2a1E1 +ayBy) = 9.722222 x 10" N/mm? (2.3.2)
It will also be assumed that k = 12.0 x 10> N/mm. Then
ko, 12.0 x 103
= L= 2000° = 98.7.
XY T 9222 < 10m "

The dimensionless critical force for b = 0.5 is given by /Ny /m = 1.722880 from where, it
is Neir = 29.3.
With Ngit, equation (2.1.8) yields Ny = 7.1211 x 107 N.

TABLE 2.2. finite element results for PssP beams.

3D Homogeneous beam(Alum) 3D Heterogenous beam(Steel — Alum)
New model(10°N) [ FEM(10°N) [ New model(10°N) | FEM(10°N)
b x = 165 x = 100
0 1.437 1.456 2.396 2.331
0.25 or 0.75 3.072 3.050 4.355 4.357
0.5 5.751 5.677 7.121 7.066

Table 2.2 compares the results of the boundary element method to commercial finite
element program solutions by Ansys. In the finite element code, the beam was mapped
with 480 uniform hexahedral elements (SOLID185). As per the table, there is an excellent
agreement between the two sets of results.

Figure 2.7 illustrates the first buckling mode of PssP beams when a spring support is
positioned at b=0.25. It provides a visualization of the buckling mode shapes of the 3D beam
models, highlighting the critical buckling loads for both homogeneous and heterogeneous
cross-sections. For reference, see Table 2.2.

B: Eigenvalue Buckling B: Eigenvalue Buckling
Total Deformation Total Deformation
Type: Total Deformatio Type: Total Deformation
Load Multiplier (Linear) Lond Multiplir (Nonlinear){4.3575e +006 |
Unit: ram Unit: rrrm
1 Max 1 Max —
078 — ‘ 078 i
0.67 i 0.67 i
0.36 | 0.56
0.44 044
0.33 0.33
022 022
0.11 0.11
2.7e-5 Min 3.6e-7 Min

FIGURE 2.7. First buckling mode (b=0.25): (a) 3D model with homogeneous
cross-section; (b) with heterogeneous cross-section.
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Finally, Figure 2.8 illustrates the influence of cross-sectional heterogeneity shown in Fig-
ure 2.6, on the critical force. The critical load N for the three-layered beam increases as
the ratio E;/E, decreases. By strategically selecting the material distribution, it is possible
to improve the stiffness of the structure.

Nhetero

Nhom
307

2571
207
1571

107

0.5

E1/E2 =3

ay
0.0 + + t t t t t t t { T
000 005 010 015 020 025 030 035 040 045 050

FIGURE 2.8. The effect of heterogeneity on the critical force.
It is noted this Chapter was based on the Author’s publication {1}.



CHAPTER 3

Examination of four-point boundary value problems with the
Green function

3.1. Four-point boundary value problems

Let us consider the ordinary differential equation
Liy(x)] =r(z). (3.1.1a)
The order of the differential operator is 2x. The operator is defined by the following equation

= pa(z)y™(2). (3.1.1b)

Here x > 1 is a natural number, the functions p,(z) and r(x) are continuous if = € [0, 1]
(¢ > 0) and po.(z) # 0. Further, let b and ¢ be an inner points in the interval |0, 1]
where 0 <b<c<l,b=/Vl,c—b=ly, { —c=l3and {1+ ly+l3=1=1.

The linearly independent particular solutions of (3.1.1b) are yo(x) (¢ = 1,2,...,2x). Here
the y,(z) the general solution has the form

14
14

2K
= ZAHWI(iU), if = € [0,0];
yr(z ZAmym if x € [b,c; (3.1.2)
yrir(z ZAZHI?JUH( ), if z € e, /).
=1

yo(x) = yor () = ye,, () = ye,,, (x). Further, A7, Agrr and Aypy; are undetermined constants.
The differential equation (3.1.1) is paired with the boundary and continuity conditions

2K
Uorly] = Q] yﬁ”_”(O) =0, r=12,...,k (3.1.3a)

n=1

Uprly] = Ubrl[yﬂ — Uprrrlyrr] =

- Z <6m"ly(n 1) ﬁnrlfyn 1)(b>> :O, r= 1,2,...,2/43 (313b)
Uer [y] = Ucrl[yll] - UcrH[yIU] =
2K
= Z (%ﬂ[ y?}_l)(c) — YorIIl yY;;”(c)) =0, r=12,...,2x (3.1.3¢)
Uér Z(sm*l[[y[[[ —0, r=12,...,Kk (313d)

where a1, 5m«1, Brrits Yorils Yorrrr a0d Opprrr are real constants.

21
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The above mentioned integration constants A, Agr and Ay can be found from the
boundary and continuity conditions:

2K
> AuUs[yer] =0, r=1,2,....,k (3.1.4a)
=1
2K
Z (AerUbrryer] — AerrUprrr[yerr]) = 0, r=1,2,...,2x (3.1.4b)
=1
2K
Z (AerrUecrryerr] — AerriUerri[Yerrr]) = 0, r=12...,2k (3.1.4c)
=1
2K
Z A1 11U lyerrr) = 0, r=12,...,k (3.1.4d)
—1

If the Green function G(z,§) of the selected BVP is known, the solution can be given as

y(z) = /6 G0 () de (3.15)

=0

3.2. Definition of the Green function for four point BVP

The G(z, &) Green function is defined in the forthcoming. Although the definition is similar
to what was given in the former Chapter, but now there are more intervals and for this
reason, it is detailed.

Formulas:
((Gh(z, &) if x,& €10,0],
Gor(x,&) if x €[b,c] and € € [0,0],
Gsr(z, &) if x € [b,f] and € € [0, b),
Gi(x, &) if x €]0,b] and £ € [b, ¢,
G(z,&) =< Gor(z,&) if x,& € b, ¢, (3.2.1)
Gsrr(z,€) if x € [e,f] and & € [b, ¢,
Girrr(z,€) if x €[0,b] and £ € [c, (],
G2111<x7€) it x € [b7 C} and 5 S [07 g]a
\ G3lll<x7£) if xag S [Cag]'
Properties:

1. Let & be fixed in [0, b].
(i) The function G1;(z, &) is continuous of x and £ if 0 <z < <band 0 < <x <b-—see
Figure 3.1. Additionally, it is 2« times differentiable with respect to x. The derivatives

O"Ghy(x,§)

5 = Gi(x,&)™(z,8), n=12,...,2k (3.2.2a)
xn

are also continuous in x and ¢ in the triangular domains 0 <z < ¢ <band 0 < ¢ < x <b.
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S

(=1

FIGURE 3.1. Triangular domains.

The function Gy(z,§) and its derivatives

gl)( ’ ) 81;(71 ) ’
are continuous for x = fl

lim [ (€ +6,6) - G (e~ e, 8)] =

n=12...,2k—2

= [eRe+09-cE-0o] =0 n=012,

The derivative Gg’i_l)(x, ¢) has a jump at = = &:

lim [G7 V(€ +2,6) - G V(e —c,0) =

= [eF T er0.9 - e -09] =

(ii) In contrast, the function Gor(z, ) and its derivatives

n O"Gor(x, &
Gél) (‘Tag) = 62;(71 ) )

are all continuous functions for any x in [b, ¢]

n=12,...,2K

(iii) The function Gsr(z, &) and its derivatives

Gg})(x,f):%(f’é), n=12,...,2k
are also continuous for any z in |[c, £].
2. Let £ be fixed in [b, ¢].
(i) The function Gy/7(z,§) and its derivatives

n "Gz, €
e, € = LIRS,

are continuous for any z in [0, b].

n=12...,2K

(3.2.2b)

.25k —2. (3.2.2¢)

1
g (3220)
(3.2.2¢)
(3.2.2f)
(3.2.3a)

(ii) The function Gaors(x,&) is a continuous function of x and & if b < 2 < ¢ < ¢ and
b <& < ux < c—see Figure 3.1. In addition it is 2« times differentiable with respect to x.

The derivatives
0"Garr(x,€)
ox™

:G2H($af)(n)($,f), n=12...,2K

(3.2.3b)

are also continuous in x and ¢ in the triangular domains b < xr < { <cand b< ¢ <z <ec.
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The function Gyyr(x,€) and its derivatives

n O"Garr(7,§)
Gé&(a:,f) = 287’
are continuous for x = ¢:

ll_{%[ 21[(5"‘5 §) — 21[(5 € f)}
:{G%@+0fy4ﬁmg—a@]:m n=01,2...26—2. (3.2.3d)

The derivative szf; 1)(:15, ¢) has a jump at z = &:

n=12...,2k—2 (3.2.3¢)

lim [GE5 V(6 +2,6) - G Vg —2,6)| =

= [afi e +0.9 -6l e -0.9)
(iii) The function Gsyr(z, ) and its derivatives
n "Gz, €)

G§,1)1<£L‘,f) = # )

are continuous functions for any x in [c, £].

3. Let £ be fixed in the interval [c, £].
(i) The function Gysrr(z,€) and its derivatives

G%LCmf>=§19%%§£ﬁQ, n=1,2...,2k (3.2.4a)

1
N pQH(f) .

(3.2.3¢)

n=1,2...,2 (3.2.3f)

are continuous functions for any z in [0, b].

(ii) The function Goysr(z, ) and its derivatives

n oG ,
GgI)H<x7 §) = M

e , n=12...,2x (3.2.4Db)
are also continuous for any x in [b, .
(iii) The function Gsyrr(z,€) is a continuous function of z and £ if ¢ < 2z < ¢ < ¢ and
c <& <x </l see Figure 3.1. In addition it is 2k times differentiable with respect to x
and the derivatives
0"Gsrrr(7,€)
ox™

are also continuous functions of x and ¢ in the triangles c < x < ¢ <fand c < &< ax < /.

:G3[I[($,£)(n)($,§), n= 1727--'a2"{ (3240)

The function Gsyr7(z, &) and its derivatives

n 0"Gsryr(,§)
Gl (w,€) = S
are continuous for z = &:

ll_ﬁ%[ 3111(f+5 §) — 31)11(5 5;5)} =
— |G (E+0.8) = GiL(E-0,0] =0 n=01,2,.. 262 (32.40)

. n=1,2...,2k—2 (3.2.4d)

The derivative Gg’;}l)(m, €) has a jump if z = ¢

E_I}% [ 321?11 (E+¢e8) — 321?11 (5—575)] =
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1
Pzn(f) .

= (& +0,6) - G e —0,9)] =

4. Let a be an arbitrary non-zero constant. For a fixed £ € [0, /] value, the term G(z, &)
as a function of x # £ should satisfy the homogeneous differential equation

L[G(z,&)a] =
5. The product G(z,&)a as a function of x should satisfy the boundary and continuity
conditions

ZanHG("_l)(O):O, r=1,...,k

2K

Z (6717"] G(n_l) (b - O) - ﬁnrll G(n_l)(b + 0)) = 07 r= 17 s 72/€

- (3.2.5)
Z (’anH G(nil)(c —0) = Ynrr1r G(nfl)(c + 0)) =0, r=1,...,2r

n=1

2K

ZCSWIHG(”_I)(E) =0. r=1,...,k

n=1

The above boundary and continuity conditions should be satisfied by the functions triplets
{G11(z,8), Gar(z,€), Gar(z,§) }
{Gi(2,6), Gorr(,€), Garr (2, )},
{G11H($,§), GQIH(xa f)a G3IU($, f)}

3.3. The Green function — calculation

3.3.1. Elements if £ € (0,0). As per Gy (x,§), it is assumed that

2K

Gir(2,€) = Y (amr(€) + bpi())ym(z), = <&
m=l z € [0,0). (3.3.1a)

2K

Gul(@,€) = Y (anr(€) = bur(O)ym(2), 22

m=1

For Gys(z,€) and Gsr(z, ) the forms are

Gor(z, &) = Z Cnt (§)Ym (T x € [b, | (3.3.1b)
and
Gsr(z, &) = Z 1 (§)Yym(x x € [e, 1. (3.3.1¢)

Here the coefficients a,,7(§), bmr(§), cmf(é), dyr(§) are the unknown.
The corresponding continuity and discontinuity equations (3.2.2c) and (3.2.2d) yield

2K
S bar(©yl(€) =0, n=0,1,2,...,2k 2 (3.3.2a)
m=1

and
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2/€ 1)(§+0 é-) 2/4 1) (5 0 5)] pQ _ _mel 2;1 1) )
or
Zb 2D (g) = ! (3.3.2b)
pQH(S)
The determinant of the inhomogeneous linear equation system (3.3.2) has the form:
() w(6) o y()
w© O O | (33.3)
O VO b

It represents the Wronskian of (3.1.1), which is non-zero because the particular solutions are
linearly independent [79]. It means there exists a unique solution for the unknowns. These
unknowns can be found from (3.2.5) as

Zam[ Z (i (€) + br(E)ym(0) =0,  7=1,2,3,... K; (3.3.4a)

2K
Z (ﬁnrl Z am[ - bm[ 6))%(7?71)(17) - 6717"11 Z le(f)yfgl)(b)> = 07
m=1

r=1,2,3,...,2K; (3.3.4b)

2K 2K
Z (fYnTII Z CmI — YnrlIl Z dm[ )) = O,
n=1 =

r=1,2,3,...,2k; (3.3.4¢c)

2K

Z < m”IIIdeI (n— D¢ )) =0, r=1,23, ... k. (3.3.4d)

n=1

3.3.2. The elements of the Green function if £ € (b,¢). The Green function this
time is given as

Gi(x,€) = Zcmn &) ym(z z € [0,0]; (3.3.5a)
2K
Gorr(z,§) = Z(amn(f) + b1 (§))ym (), < §
. z e b,d; (3.3.5b)
Gorr(z,§) = Z(amu(f) — b1 (§))ym (), >
m=1
Gsrr(x,€) = den E)Ym(z x € e, 0] (3.3.5¢)

with unknowns a,r7(§), bnrr(€), lel(§)7 mI ( )-
Substituting to Equations (3.2.3d) and (3.2.3¢) yields
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Zb aOyE) =0, n=0,1,2,...,2k—2 (3.3.6a)

and

men Y250 (¢ :‘]32;(5)' (3.3.6b)

This system coincides formally Wlth (3.3.2), so it is solvable with b,,17(§) = byr(€). Recalling
the conditions (3.2.5), it becomes possible to find a,,r7(§), cmrr(€), and dy,rr(€):

2K

Z (anrlzc &)y (0 )) =0, r=1,2,3,...,K; (3.3.7a)

n=1

> ( Z Cmrr(§ Y(0) = Burrr D (@m1r(€) + byrr (€))yn 1)(b)> =0,

m=1

r=1,2,3,...,2x; (3.3.7b)

2K 2K
Z (%ﬂl Z(amn(f) - bmll(f))y(n 1) — Tnrill Z Apmr1(§ o 1) )) =0,
n=1 m=1

r=1,2,3,...,2k; (3.3.7¢)

2K
Z ( anIIdeII (n—1) E)) :O, r = 1,2,3,...,5. (337d)
n=1
3.3.3. Elements if £ € (¢,f). The elements of the Green function is collected below:
Gz, §) = Z Cmi11(§)Ym(x x € [0,b]; (3.3.8a)
GQ[[] ZE 6 Z dm][[ ym T € [b, C]; (338b)

and

] =

Garrr(,6) = ) (amrrr(§) + brrr(§))ym(z), 2 <§

" . zepd. (3.3.80)
Garrr(2,£) = Y (amirr(€) = bprr(§))ym(z),  ©>¢

1

AmIII (5); AmIIT (5); CmIU(f) and dmnl(f) are unknowns, while bmln(ﬁ) = bmn(f) = byr (f)
Conditions (3.2.5) yield

3
|

2K

Z (anrl Z (€)Y 1)(0)> =0, r=1,2,3,...,K; (3.3.9a)

n=1

2k 2k
Z (ﬁnrl Z len(f)y,(g Y ( = Burrr Z Apnrrr(§ - 1)(5)) =0,

n=1 m=1
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r=1,2,3,...,2k; (3.3.9b)

2K 2K 2K
Z (’YWU Z A ()Y (¢) = Yurrir Z(amlu(f) + bmnl(f))yfﬁl)(co =0,
n=1 m=1 m=1

r=1,2,3,...,2k; (3.3.9¢)

2Kk 2K
Z <6m'III Z(am][[(f) —bm]]](g))yg;_l)(f)> :0, r = 1,2,3,...,&. (339d)
n=1 m=1

3.4. Further properties of the Green function

3.4.1. Self-Adjointness. The comparison functions u(z) # 0 and v(z) # 0 satisfy
the boundary and continuity conditions (3.1.3). Similarly, the solution of the four-point
boundary value problem is as well comparison function. Let us define the product on operator

L:
(u,’u)L—/ u(z) Llv(z)] dz (3.4.1)

The four point BVP (3.1.1), (3.1.3) is self-adjoint if the product (3.4.1) is commutative,
ie.,

(u,v);, = (v,u), . (3.4.2)

3.4.2. Symmetry of the Green function. Consider now two inhomogeneous four-
point boundary value problems

Lu(x)] = r(x), Lv(z)] = s(x) (3.4.3)
and
Upr[u] =0, U [v] = 0, r=12...,K;
Upr[u] = 0, Upr[v] =0, r=1,2,...,2k;
Usul =0, Usf]=0, r=12,....2: (344)
Uplu] =0,  Upv] =0, r=1,2...,K;

In this case, u(z) and v(z) are the unknown functions. It is assumed the BVPs (3.4.3),
(3.4.4) are self-adjoint. Then it holds that

(u,v)p — (v,u)p =0,

where
u(z) = /0 Glr,r(€)de  and  v(x) = /O G, €)s(€) e

It, therefore, follows
(u,v) — (v,u)p = /0 (u Llv] — v L[u]) dx =
¢ e
= /0 /0 G(z,8) — G(&,x)]r(€)s(x)déde = 0. (3.4.5)

Since both r(z) and s(x) are arbitrary continuous and non-zero functions in the interval [0, ¢],
the last integral in this equation can be zero if and only if the Green function is symmetric:

G(z,€) = G, x) . (3.4.6)
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3.5. Four-point eigenvalue problems

The generalization of several concepts introduced in the likes of [19] and [76] are given
hereinafter, which are valid for two- and three-point boundary value problems. Consider
ODE

Kyl =AM [y] (3.5.1a)

where y = y(z) is again the unknown function while the unknown \ is actually the eigenvalue
sought. Differential operators K [y| and M [y] are defined by the equations

dn(..)

K

Kyl =S (=1 [fula)y™(@)]" = ()™

da»
e (3.5.1b)
M =Y (1" [y @], k>p>1

in which the real function (f,(z)) [g.(x)] is assumed to be differentiable continuously (k) [u]
times and
fu(x) #0, gu(z) #0 if z€l0,4]. (3.5.1¢)

It is noticed that the order of the differential operator on the left of (3.5.1a) is greater
than the order on the right. Let « € (0, /] be the interval where solution is sought, while
b < c and ¢ denote inner points in [0, £]. The typical quantities in the subintervals [0, b], [b, ¢/,
and [c, ¢] are denoted similarly as beforehand, with indices I, 11, and I11. Some quantities
within the intervals [0,8], [b,¢|, and [c,¢] are denoted in the same manner as before—see
equation (3.1.2)—using the Roman subscripts I, I1, and I11.

If we perform partial integrations using the comparison functions u(z) and v(x) x € [0, ¢],
we get

(ua U)K = {Z i(—l)(n—w)u(q})(r) [fn(l") U(”)(q:)} ("—1—7’)} a n

n=0 r=0

" lZ S () u(e)? [£(x) v<"><x>}("‘1"“’] +

4
= Ko(u,v) + ) /0 u™ () fo(2)o™ (z) dz (3.5.2a)

and

n=0 r=0 0
n n—1 (n—1—1) c—0
* [Z > (=D (@) [ga(w) ot ()] ] +
n=0 r=0 b+0
n—1 YA
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Y.
+ 2_%/0 u™ () gn (z)o™ (z) dz =

= My(u,v) + Z/o u™ () gy (x)v™ () dz. (3.5.2b)

Ko(u,v) and My(u,v) are boundary and continuity expressions. If
Ko(u,v) = Ko(v,u) and  Moy(u,v) = My(v,u) (3.5.3)

then the four-point eigenvalue problem is self-adjoint. Let the k-th eigenvalue be Ay (k =
1,2,3,...). The related eigenfunction is, therefore,

ye(z) if 2 €[0,8],
yie(z) = S yre(w)  if @ € [b, ], (3.5.4)
yre(x) if z € [e, /).

For self-adjoint BVPs, the eigenfunctions are orthogonal:

(yk,yn)K _ { An (yk(;yn)M i]]:‘ ;Z’ k.n=1,2,3.... (3.5.5)
The proof to this is similar as published in [19]. After setting k& and n equal, we get
Ay = oY) (3.5.6)
(U Yn) i1
therefore sign of the eigenvalues depends on the products (Yn, yn)x and (Yn, Yn),- If
(u,u) >0, and (u,u),, >0 (3.5.7)

are satisfied for any wu, it means that the four-point eigenvalue problem (3.5.1), (3.1.3) is
positive definite.

Assuming the eigenvalue problem to be simple — that is, M[y| = go(z)y(x) — and the
Green function that belongs to the differential operator K [y] is known, then

¢
y(z) = A /0 G, )90 (E)y(€) dE (3.5.8)

So the eigenvalue problem is replaced in this way by a homogeneous Fredholm integral
equation. Given that the original eigenvalue problem is self-adjoint and positive definite, the
related Fredholm integral equation becomes:

V(x) = A /0 K(z, ©)V(€) de (3.5.9)

where

V(@) = vgo(@)y(z),  K(r,&) = /g0(x)G(x,6) v/ 90(E)- (3.5.10)

Here, Y(z) is a new unknown with the kernel K(z, ) being symmetric.

3.6. Application to heterogeneous beams

3.6.1. Governing equations. Let us consider two uniform beams of length L as shown
in Figure 3.2. The notations and not specifically mentioned assumptions are the same as in
the previous Chapter. This time, the beams have four supports: the first beam (FrrF) is
fixed at & = 0 and has a slider at & = L. The next beam (PrrP) is pinned at the left end and
has a roller support at the right end. The two intermediate supports are rollers, identically.
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FIGURE 3.2. Heterogeneous FrrF and PrrP beams.

Traditional equilibrium problems of Euler-Bernoulli beams under a constant axial force
are determined by

d  d% f . N
b _ L g N (3.6.1)

it~ di? T I, o

~

Each quantity in the above equation is well defined in Chapter 2—see 2.1.1, 2.1.2, and 2.1.3.
We use the dimensionless quantities defined in (2.1.4). The selected problems to be solved
are the following:

(a) In case of equilibrium problems, the axial load is zero. Then equation (3.6.1) becomes:

d*w

K(w) = dz?

=[x (3.6.2)

(b) In case of free vibrations, the related equation is

dtw paAw? LA
K(’UJ):@:A’UJ:)\M(IU), )\:T, (363)
with w as the the dimensionless amplitude and A as the unknown eigenvalue.
L / dA (3.6.4)
Pa = — P -O.
A Ja
defines the average surface density and w is the natural circular frequency.
(c) The static stability issue is formulated by
dtw d?w
— — =0. 3.6.5
da? da? ( )

The dimensionless buckling load (the critical load) N is the unknown.

The related boundary and continuity conditions are gathered in Table 3.1.
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TABLE 3.1. Boundary and Continuity conditions.

Boundary conditions

Fixed-fixed beam ‘ Pinned-pinned beam
with two intermediate roller supports
(FrrF beam) (PrrP beam)

w(0) = wM(0) =0 | w(0) =0, w?0)=0
w(l) = O wH() =0 | w) =0, w@) =0
Continuity conditions
w(b—0)=0, w(b+0)=0,
w(b—0) =wH(b+0),
w® (b —0) =w?(b+0),
w(c—0)=0, w(c+0) =0,
w(c—0) =wM(c+0),
w®(c—0)=w?(c+0).

Utilizing (3.5.2) and (3.6.3), while accounting for the boundary and continuity conditions
in Table 3.1, we can conclude that (u,v)x = (v,u)x. This confirms that the four-point
boundary problems of equations (3.6.2) and the conditions in Table 3.1 are self-adjoint.

Furthermore, for equation (3.6.3), (u,u), > 0 and (u,u),, > 0, meaning the four-point

eigenvalue problems governed by equations (3.6.3) and the conditions in Table 3.1 are not

only self-adjoint but also positive definite.
By employing the Green’s functions G(z, ) of the BVP defined by the (3.6.2), the closed-
form solutions for w(z) can be expressed by

w(z) = /g G e) fle)de. (3.6.6)

=0
Replacing (&) with Aw(§) in (3.6.6) yields the homogeneous Fredholm integral equation
as an alternative to (3.6.3)

=1
w(z) = )\/520 Gz, &) w(&)dE. (3.6.7)

With Eq. (2.1.10), eigenvalue problems (3.6.5) and Table 3.1 can be reduced to an
eigenvalue problems governed by the homogeneous Fredholm integral equations of (2.1.11).
As regards the details the reader is referred to 2.1.2 in Chapter 2.

3.6.2. Green function for FrrF beams.
3.6.2.1. Elements of the Green function when & € (0,b). The sought elements can be
given in the forms (3.3.1) where y,,,(z) =w,,(z) stands for the particular solutions, that are

wi=1, wy=x, ws=21> wy=2a>. (3.6.8)

Equations (3.3.2) return

4
> b (i (€) =0, n=0,1,2 (3.6.9a)
m=1

. 1
> b (HuP (&) = —5 (3.6.9b)
m=1
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from where
1 ¢ ¢ ¢ bir 0
0 1 2¢ 3¢ boar | _ | 0
00 2 6¢ bsr | 0
00 0 6 byr —%
It results in the solutions
bir 3
bar L] =3¢
= — 3.6.10
bsr 12 3§ ( )
b4[ —1

As per equations (3.3.6) by,177(€) = birr(€) = bpr(€)

With Eq. (3.3.4) and the boundary and continuity conditions, unknowns a,,s(€), ¢mnr(§)

and d,,,;(€) can be found in the following steps:
(a) Boundary conditions at x = 0:

Z AWy (0) = — Z b1 (§) wm(0),

Z amlw%)(()) = — Z b1 (§) wr)}b)(()) .

m=1 m=1

(b) Continuity conditions at x = b:

4 4
Z amlwm(b) = Z me (5) wm(b) )
m=1 m=1
4
Z Con Wi (b) =0,
m=1
4 4 4
Z amlw%)(b) - Z lewﬁ)(b) = Z b1 (§) wTrlL)(b) )
m=1 m=1 m=1
4 4 4
> @ (0) = @ (b) = > by (§) w2 (b).
m=1 m=1 m=1
(c) Continuity conditions at x = ¢:
4
Z Con Wi (€) =0,
m=1

m=1
4 4
> cnrwi)(€) =) durw)(c),
m=1 m=1
4 4

(3.6.11a)

(3.6.11b)

(3.6.12a)

(3.6.12b)

(3.6.12¢)

(3.6.12d)

(3.6.13a)

(3.6.13D)

(3.6.13c)

(3.6.13d)
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(d) Boundary conditions at = = ¢:

4
> o () =0, (3.6.14a)
m=1
4
> dmw(0) = 0. (3.6.14D)
m=1
Since closed-form solutions are available for ajr,...,dys, the Gyr(z,€), Ga(x, &) and

Gsr(z,€) elements are (3.3.1):

2 2
Gl ) = (556 2 15¢) + (T (-55 ) ) o+

—i—{ 3¢ (267 (20— bl+be—2cl) —4bE (2bc+b"—3cl) +3b°c+b°(— 4l iil)’_g} 224

1262D

1
+ {— 55D [4€7 (30% — cl — 2bl) — 6bE® (2b* — bl + be — 2cl) —

~1
—4b%cl + b + 3b'c] £ —} z® (3.6.15a)

12
Gor(z, &) = —%#Q_C) (b—x)(c—x)(b—¢&) (cx —2bx + bl — 2¢l + 2l + be) , (3.6.15b)
2
Gar(w.€) = G5 (b= =) (e =) (4= 1)" (3.6.150
where
D = bl — 4cl + 3bc. (3.6.16)

3.6.2.2. Elements of the Green function if & € (b,c). As per Egs. (3.3.5), the following
equation system can be set up to find a,,17(§), ¢nrr(§) and dp,rr(§):
(a) Boundary conditions at z = 0:

4
> mrrwm(0) =0, (3.6.17a)
m=1
4
> i (0) = 0. (3.6.17b)
m=1
(b) Continuity conditions at z = b:
4
> orrwm(b) =0, (3.6.18a)
m=1
4 4
D amirwm() = =Y b (§wm(b), (3.6.18b)
m=1 m=1
4 4 4
D amw) (0) = > ciw () = =) b (Qw (b) (3.6.18c)
m=1 m=1 m=1
4 4 4
D ) (0) = Y el (b) = =Y by (§wl (). (3.6.18d)
m=1 m=1 m=1
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(c) Continuity conditions at = = ¢:
4 4
> amirwm(c) = b (§)wn (b) | (3.6.19a)
m=1 m=1
4
> dmirwn(c) =0, (3.6.19D)
m=1
4 4 4
> (€)= > diw) (€) = b (§uwd)(e), (3.6.19¢)
m=1 m=1 m=1
4 4 4
Z amnwf,f)(C) - Z dmwﬁf)(C) = Z blll(g)wrg)(c) - (3.6.19d)
m=1 m=1 m=1
(d) Boundary conditions at x = ¢:
4
> durrwm(£) =0, (3.6.20a)
m=1
4
> dppwl)(0) = 0. (3.6.20D)
m=1

Since c¢17; = co77 = 0, the remaining equations make it possible to find the unknowns.

Thus, one can find that

2
sz, €) = —%ﬁ (b— ) (c— &) (b— ) (€ — 2b¢ + bl — 2e0 + €0+ be) , (3.6.21a)
Gorr(x,€) = % [53 (3b3c — 3bc® 4+ b3 + 4cP0 — 9b02€) —
1

1
—6b°cg? (bﬁ — 3¢l + be — 02) — 1200%3¢ + 4@()363] + 5534-
1
4D,

+ {— [26€? (3¢ —bl+3cl—3bc) +&* (b°0—3bc”+ 3b°c—4c* 0 — 9bc?() +

+120bc°¢ — 40b°¢°] + 1—2352} T+

+ {L [453 (bZ—cﬁ—c2) —4¢£? (b3—3c2€—c3) —£ (3bc3—3b3c—b3€—|—4c3€ + 9b02€)+

4D,

+20%¢* + 60b°c* — 2b°c® — 20b°c] + %5} 2+

+ { 1219 [4€% (3¢ + £ — 3b) + 1287 (b — of — ¢*) — 6b€ (bl — 3cl + 3be — 3¢?) +
1

~1
+40¢° — 90bc* + 3b*c — 3bc® + (0% £ —} 2%, (3.6.21b)

12

Gorr(r.€) = ~ g5 (b= ) (e =) (= €) (v = 0 (b — 206 +bo).
c—¢§ 2
5, (=T (0= &) T (= )" (b€ — 2t + be)
where

Dy = (b—¢)* (b0 — 4cl + 3bc) .

(3.6.21c)

(3.6.22)
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3.6.2.3. Elements of the Green function if & € (¢, f). Similarly as beforehand, the func-
tions apmrrr(€), cmrrr(€) and dp,rr7(€) can be expressed by considering:
(a) Boundary conditions at z = 0:

Z Cmirwm(0) =0, (3.6.23a)
4

> Cnrwi? (0) = 0. (3.6.23b)

m=1

(b) Continuity conditions at x = b:

Z Cm111Wi (D) = 0, (3.6.24a)
4
Z drrrwm(b) =0, (3.6.24b)

Z Cm1r Wy Z dirrwly (b) = 0, (3.6.24¢)

m=1

4
Z Cnrrrw (b) — Z dirrw? (b) = 0. (3.6.24d)
m=1 m=1

(c) Continuity conditions at x = ¢:

Z dmrrrwm(c) =0, (3.6.25a)

4

Z Ami1Wh(C) = — Z birrr(§wm(c), (3.6.25Db)

m=1

4
Z &m[]]w Z dHH’LU ) = — Z bH[](f)w%)(C) s (3625C)
m=1
4
Z am[[[w Z dH[]’w ) = — Z bljjj(g)wg)(C) . (3625d)
m=1

(d) Boundary Condltlons at v = E.

4 4
Z A1 11We () = Z birrr(§)wm(f), (3.6.26a)
m=1 m=1
4 4
> amprwl) (0) = = " b (Qwi) (0). (3.6.26D)
=1 =1

Since ¢17r1 = corrr = 0, the remaining unknowns can be expressed. Thus, the Green functions
are

Guin(2.€) = =G 0= b-2) =€~ 0", (3627)
Gorrr(z,§) = —m (b—x) (c— &) (c—x) (£ = 0)® (bx — 2cz + be) | (3.6.27Db)

Gsirr(z, &) =
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1
12D,

(€% (126°6°+3bc" +b0* — dcl* —Ac* 0 —8bc* () +12¢° €% (% (2be— bl —2cl+¢*) +
+& (6bc* 0t 4 1230 — 18bc* %) + 4P (* (3be — 2b0 — cl)] + %5%

1
+ {—4 5 (40 (0 + 2¢ = 30) + €8 (12636 — 3be* — be* - del’ — 4c"t — 8bL) +
2

+ 2
126760 (—0° + bc?) — 2670 (3bc? — bl® — 2¢0%)] + 132g }
{411? [ & ( of® = bc® — bl* 203) 4¢? (2503 + b0 — 4el® + 64)
2

—<£ (bﬁ— 126203 +3bc* — 4c€4+4c4€+8bc3£) +4c2 (2bc— bl — 20€+02)} + % } 2+

+( { : 210 [4€% (b0 — dcl + 3¢%) — 6€7 (be® + bl* — 4del® + 2¢%) +
2

~1
+12*¢0 (b + 2¢ — 30) + 3bc* — A + bl* — 8bc*l — dcl* + 12¢°6°] + E} 2%, (3.6.27¢)

where
Dy = (¢ — 0)* (b0 — 4cl + 3bc) . (3.6.28)

The four-point boundary value problem defined by (3.6.2) and the boundary and conti-
nuity conditions is self-adjoint. Consequently, the Green function is symmetric.
In the integral

l
G, &) = / G, €) 5(E — £p) dé (3.6.29)

&p € (0,0) is an arbitrary but fixed point and 6(§ — &p) is the Dirac delta, representing a
dimensionless vertical load of unit magnitude applied at £p. Accordingly, G(x,&p) is the
dimensionless vertical displacement at x due to this load. Maxwell’s reciprocity theorem
states that the vertical displacement at x on account to a unit load at £p is equal to the
vertical displacement at £p due to the unit load at x. Hence the Green function is a symmetric
function of x and &:

G(z,ép) = G(ép, ). (3.6.30)

If we consider that b = 0.3, ¢ = 0.6 and £ = 0.8, then Figure 3.3 shows the Green function
for FrrF case.
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FIGURE 3.3. The Green function of FrrF beams.

3.6.3. Green function of PrrP beams. The elements of the Green function for PrrP
beams are given here without details. The formal calculation steps are identical to that given
in Section 3.6.2.

(a) If £ € (0,0):

1 1
Gir(x,§) = <—E53 + Efg) +

1
267 (36 — 2b0 — 4cl + 2be + ) — 3bc€® (20 + ¢ — 40) +
120D

+B2E (4bC — 3 — 16¢C + 8be + 4¢?)] + (_31_522)}H (—%f:l: %) e

1 , L
+ {12b2D [4€° (0—b)+2b¢ (2bc—2b0 —4cl+3b*+c*) —

—b* (2bc—4cl+b"+¢*) | i_—l} z®, (3.6.31a)

12
Glar (1, ) :éﬁ_c) (b—2) (c—a) (€2—b?) (2u0—3ba+ca+ 2b0—Acl+betc?)  (3.6.31b)
and
Gsi(z, &) = %m (c=b)(c—z)(x—0) (c+z—20) (& -V, (3.6.31c)
where
D3 = b* + 2bc + ¢* — 4lc. (3.6.32)
(b) If € € (b, c):
Grrr(z, €)= éﬁ (b—8) (c—=&) (22 —b?) (260—3bE+cE+2bl—Acl+be+c?) | (3.6.33a)
Gar(z,§) = L €% (b* — 8lbc® — ¢* + 4Lc”) —

~ 12Dy (b —¢)
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1
—207eg (Ve + 22+ 4c% — ) + 120 + '] £ €0+

; 3 o . 2\ 2 3 4 4 2
+{12D4(b_c) [4b€? (4l — bl — 2be 4 2¢%) — 3E? (4% + b* — ¢* + 8bc*() +

+4bE (2b°c + b0 + 8P — 2¢%) — 20%¢ (Ve + 200 + 4% — )| + 1—238} T+
1
———— 28 (=2l + b* — ) + 126762 0—
+{4D4(b—0) (267 (=2l 46" = ) + 12c
—£ (4c3€ +vt =t 8b02€) + 4€b202] + %{} 2+

! 3 2 (12 2
*{m[‘*f (20 + €= 20) + 6¢> (1 — 2¢ — &) —

—4b¢ (bl — 4cl + 2bc — 2¢%) + (40 + b* — ¢* — 8bc*()] + 121 } 3 (3.6.33D)
and
Gsrr(z,€) =
_ —m (c— ) (b—€)(c—€) (x— ) (c+ —20) (b — 3et +be + 1), (3.6.33¢)
where
Dy = (b—c) (b° +2bc+ ¢* — 4lc) . (3.6.34)
(b) If € € (c, 0):
Griti(a,€) = ;bm (=) (c—8)(E—O(cte—20) (2 —1),  (36350)
Garri(x,§) =
— —m (c=&b—xa)(c—x)(E—10)(c+&—20) (br —3cx + bc+b*) (3.6.35D)
and

Gsrrr(z,8) = 12D [53 ( b2€2—9c2€2+2b03+4c€3+b202—2bc€2) —
—6c£%0 (2bc +b%c —62€—302€~|—c3—2bc€) +
+ 4cgl ( — b20* — 3% + VP — 2bc£2) —
1
—4c*0% (2b + bPc — b0 — 0 — 2bel) | £ Eg?ur
12D

— 3¢ (—Z)QE2 —9¢20% + 2b¢® — 4clP + b2 + ¢ — 2bc€2) +
+4€ (=020 = 920% + 2bc* + b — 2bcl?) —

N {_L 1263 (2b¢% + B2e — V20— 9630 + 3¢5 — 2bel) —

2
—4cl (—b2€2 — 3207 + 2bc® + b2 — 2bc€2) + 1325 } x4+
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b a3 — 19ee200—
+{ 1D [4c€%0 — 12c€%¢

—¢£ (—b2€2 —9¢%0? 4 2bc® — 4cl® + VPP + ¢t — 2bc€2) +

+2¢l (2b* + bPc — b2 — 3P0 + ¢ — 2bel) | & %} +

1
+ { e 408" = 12¢8°0 = 26 (266" + Ve — 00 — 9¢* + 3¢” — 2bel) +
5

—1
+(=0*? — 9P0* + 2bc® 4 4cl® + b7 + ¢t — 2bel?)] £ E} z? (3.6.35¢)

where

D5 = (c —£)* (b* + 2bc + ¢* — 4lc) . (3.6.36)

3.7. Eigenvalues for free vibrations

3.7.1. Integral equation formulation. An algorithm to solve the eigenvalue problems
in Fredholm integral equation form (3.6.7) is published in [76]. This is based on the boundary
element method. The integral equation (3.6.7) is replaced by an algebraic eigenvalue problem
that can be solved numerically. A Fortran 90 program was developed for this aim and was
used to compute numerical solutions. The interval [0, ¢ = 1] was mapped by 60 elements, with
a quadratic isoparametric approximation employed to approximate the unknown vibration
amplitude w. The resulting algebraic eigenvalue problem was solved with the DGVLRG
subroutine.

3.7.2. Results for FrrF beams. Figure 3.4 shows the function v/)\;/4.73004% against
¢, with b as parameter. If b is identical to ¢, the coefficient matrix in the algebraic eigenvalue
problem becomes singular, as this follows from relation (3.6.15b), where the term b — ¢ is in
the denominator.

The step size for ¢ was 0.0125 in our calculations. In Figure 3.4, we plotted all data pairs
¢, vV 21/4.73004%(c) for multiple values of b.

Likewise, if c—b = 0.0001, the two intermediate roller supports are very close, preventing
rigid body rotation. When b is zero, the beam behaves as if it were fixed-fixed, with one
intermediate roller support at ¢, and the results agree with at least four decimal accuracy
with [80]. Similarly, if ¢ = b+ 0.00001, the section of the beam in the interval [b, (] behaves
like a fixed-fixed one with length ¢ — c. Hence, the numerical results should satisfy the
relation

VAL(b=0,¢ = b+ 0.0001)
(£ —b)

VAL(b, ¢ = b+ 0.0001) = (3.7.1)
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FIGURE 3.4. The first eigenvalue against ¢ for FrrF beams.

Table 3.2 shows some computational results for FrrF beams. The point pairs ¢, v/A; /4.73004%(c)
in this table are drawn by diamond markers in Figure 3.4.

TABLE 3.2. Eigenvalues for FrrF beams.
b=00]b=01]b=02]b=03b=04
[ ¢ VA1 /4.730042

0.000 | 1.00018
0.0500 | 1.08109
0.1000 | 1.17608 | 1.23475
0.1500 | 1.28825 | 1.34004
0.2000 | 1.42173 | 1.47116 | 1.56276
0.2500 | 1.58179 | 1.63091 | 1.71215
0.3000 | 1.77484 | 1.82594 | 1.90263 | 2.04121
0.3500 | 2.00789 | 2.06529 | 2.14189 | 2.26609
0.4000 | 2.28463 | 2.35937 | 2.44281 | 2.56109 | 2.77840
0.4500 | 2.58411 | 2.71417 | 2.82181 | 2.94455 | 3.14045
0.5000 | 2.75695 | 3.09419 | 3.29103 | 3.44316 | 3.63104
0.5500 | 2.58465 | 3.24126 | 3.79877 | 4.08139 | 4.28243
0.6000 | 2.28519 | 2.94116 | 3.91744 | 4.78102 | 4.95962
0.6500 | 2.00837 | 2.55784 | 3.44989 | 4.81778 | 4.98735
0.7000 | 1.77525 | 2.22636 | 2.94691 | 4.12708 | 4.78102
0.7500 | 1.58212 | 1.95508 | 2.53420 | 3.46813 | 4.42276
0.8000 | 1.42201 | 1.73435 | 2.20617 | 2.94691 | 3.91744
0.8500 | 1.28848 | 1.55374 | 1.94478 | 2.54247 | 3.39276
0.9000 | 1.17628 | 1.40468 | 1.73444 | 2.22636 | 2.94116
0.9500 | 1.08125 | 1.28049 | 1.56296 | 1.97598 | 2.57613
0.9999 | 1.00018 | 1.17626 | 1.42198 | 1.77520 | 2.28513

3.7.3. Results for PrrP case. Figure 3.5 shows the function v/A;/7? in terms of c.
The coordinate b is, again, a parameter. The step in ¢ was again selected to be 0.0125. The
curves /A1 /7?(c) against ¢ are drawn in Figure 3.5.
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FIGURE 3.5. The first eigenvalue against ¢ for PrrP beams.

In case ¢ —b = 0.0001, the two intermediate roller supports are very close so they prevent
rotation at b. If b = 0, there is a fixed-pinned beam with one intermediate roller support
at c¢. If ¢ = b+ 0.00001 the beam part in the interval [b,¢] behaves again as if it were a

fixed-pinned of length ¢ — c.
Table 3.3 contains some computational results for PrrP case.

TABLE 3.3. Eigenvalues for PrrP beams.
b=00]b=01]b=02]b=03|b=04
[ ¢ VAL /7?

0.0001 | 1.56219
0.0500 | 1.68846
0.1000 | 1.83560 | 1.92892
0.1500 | 2.00849 | 2.09141
0.2000 | 2.21344 | 2.29250 | 2.44133
0.2500 | 2.45863 | 2.53688 | 2.67205
0.3000 | 2.75465 | 2.83472 | 2.96334 | 3.18875
0.3500 | 3.11478 | 3.20047 | 3.32785 | 3.53609
0.4000 | 3.55416 | 3.65311 | 3.78606 | 3.98641 | 4.34038
0.4500 | 4.08271 | 4.21452 | 4.36642 | 4.56914 | 4.89916
0.5000 | 4.66648 | 4.89618 | 5.10347 | 5.32852 | 5.64511
0.5500 | 5.05444 | 5.61582 | 6.01520 | 6.32092 | 6.62657
0.6000 | 4.85258 | 5.88174 | 6.93406 | 7.56998 | 7.64802
0.6500 | 4.37349 | 5.41365 | 6.99743 | 8.65966 | 7.75661
0.7000 | 3.90174 | 4.79210 | 6.22702 | 8.27915 | 7.56998
0.7500 | 3.49401 | 4.24033 | 5.42411 | 7.21298 | 7.30172
0.8000 | 3.15205 | 3.78027 | 4.75338 | 6.22702 | 6.93406
0.8500 | 2.86727 | 3.40276 | 4.21318 | 5.42610 | 6.44601
0.9000 | 2.63014 | 3.09342 | 3.78027 | 4.79300 | 5.88174
0.9500 | 2.43232 | 2.83936 | 3.43248 | 4.29466 | 5.33130
0.9999 | 2.26722 | 2.63049 | 3.15250 | 3.90236 | 4.85336

3.7.4. FEM verification. Let us consider an FrrF beam with the rectangular cross-
section illustrated in Figure 2.6. The length of the beam is now set to 4000mm. The
surface densities are given as follows: p; = pPatuminium = 2710/10° kg/mm? and py = psteel =
7850/10° kg/mm?,
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Under these conditions:
Iy = 9.5 x 10" kgmm?®/s?,

pa = 4.423333 x 107 kg /mm®.

Let us select that b = 0.2 and ¢ = 0.8. Thus, the intermediate roller supports are symmet-
rically arranged. As per Table 3.2, for FrrF beams

A lb—0.2.0m05 = 2.20617 x 4.73004% = 49. 359 255. (3.7.3)

Using equation (3.6.3) we find

A C= €
wip=0.2,c=0.8 = 1|b — 08\/,0 Yo— 452,101 (3.7.4)

For PrrP beams, we get from Table 3.3:

\/ A lp=02.0=08 = 4.75338 x 7% = 46.913 98017 (3.7.5)

46.913980 17 y \/ 9.5 x 1014 rad

(3.7.2)

Thus

ilmog oo g = = 429. 704— 3.7.6
@ilo=02.0=0 40002 4.423333 x 106 x 1002 70

These numerical findings were validated using the commercial finite element software
Ansys. A total of 480 uniform SOLID185 hexahedral elements were used to map the geom-
etry. Table 3.4 presents the validation of the results. When calculating the relative error,
the solutions of the novel model were used as the denominator. It is clear that that there
is a strong agreement between the solutions, indicating the accuracy of our approach. It is
noted that this Chapter is based on Author publication {2}.

TABLE 3.4. Comparison with FEM results.

FrrF beam ‘ PrrP beam
W1]p=0.2,c=0.8/2m (Hz)
New model 71.95 68.38
Ansys solution 71.24 67.94
Relative error % 0.9867 0.6565




CHAPTER 4

The Green function for some coupled boundary value problems

4.1. Coupled BVPs

4.1.1. Definition. The definition, in certain ways, is similar to that in the previous
section for four-point BVPs. In the forthcoming, the differences will be emphasised. Assume
there are two inhomogeneous ordinary differential equations, whose operators L;[y;(z)] have
the same order, that is 2k > 2:

Liys(@)] =Y pui(@) i (2) = ri(2), i=1,2. (4.1.1)

A coordinate at in inner point in z € [0,¢ = 1] is b, that makes two sub-intervals. Their
ranges are 0 < {1 = b < 1 and o = 1 — ¢;. Functions (pni(z) and 1 (x)) {pn2(x) and ro(z)}
are continuous in the intervals (z € [0,0)) {z € (b, ¢ = 1]} and pay;(z) # 0.

The particular solutions of equations (4.1.1) are noted by y,:(x) (m =1,2,...,2k) and
the general solutions

2k 2K
b= Z Amlyml(x), Yo = ZAnﬂme(x); (412)
m=1 =1

with unknowns A,,; and A,,..

Equations (4.1.1) are paired with boundary and continuity conditions, similarly to equa-
tion (3.1.3), but now there is only one intermediate point.

The integration constants, like in Chapter 3, can be found from the boundary conditions.

4.1.2. Green functions for CBVPs. If the Green function G(z,&) of the given cou-
pled boundary value problem (CBVP) is known, the solution can be found in a similar way
as in Chapter 3 in the two subdomains with

yi(x) if 2 €[0,b) _ (€ if £€10,0)
y@){w@)ifmewjzu amir@){m@)ifSE@€:H (4.1.3)

while G(z, ) has the structure

.
x, I x (b £ and§ € |U,0],
G@.8) =1 Gr(z.e) if ze[0,b] and & € [o.0].
GQQ(I, ) if nyge[baf]’

Property 1 and 2 are identical to what is in Chapter 2. Property 3 and 4 are identical
with the subscripts I and I be replaced by 1 and 2.

Property 5 needs modifications. Let a be an arbitrary finite non-zero constant. For a
given £ € [0, /], the term G(z,§)a as a function of z # £ should satisfy the homogeneous
differential equations

(4.1.4)

L [G(z,&)a] =0, if z€][0,b];

Ly [G(z,&)a] =0, if z€[b (] (4.1.5)
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Property 6 is also the same as in Chapter 2.

4.2. Calculation of the Green function

4.2.1. Elements G;; and Go; (£ € [0,b)). The element Gy1(z,§) (z € [0,0]) is sought
as
2K

Cu(2,€) = Y (@ () + b1 (©))ym (),  x <€
m=1 (4.2.1a)

2K

Cuu(2,6) = Y (@m () = by (€))ym(2),  o>¢

m=1

while element Gy (z,€) (z € [b,¢]) has the structure

4
Goi(,§) = Zcml §)Yma(x (4.2.1Db)
m=1

The unknown coefficients are a,,1(£), bmi(€), and ¢,,1(§). Continuity and discontinuity con-
ditions of Property 1 yield equations

2K
S b€yl (€) =0, n=0,1,2,...,26 2 (4.2.2a)
m=1

and

Applying now the boundary and continuity conditions results the equation system

2K

Zam D (@ (€) + b1 (€))ymi(0) =0,  r=1,2,3,... 5 (4.2.3a)

m=1

3 (6 > (@m(§) = b (©)yi " (B) = Bur2 Y cm1<s>y£:2”<b>> =0,

m=1 m=1

r=1,2,3,...,2k; (4.2.3b)

Z (%rz Z e ()5 V(0 )) =0, r=123.. K (4.2.3¢)

4.2.2. Elements G5 and Gay (€ € (b,¢]). The following representations are used this
time:

Gua(2,0) = Y oa(©ymi(z),  x€[0,0], (4.2.4a)
Goa(1,6) = D (ama() + b (€))yma(), @ <€
. z € [b, 4. (4.2.4b)

Gon(,6) = Y (ama(€) = bua(&))yma(w), x>

m=1
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Here the unknowns are b,,2(§), ama(€), and ¢,(§). Similarly as in Subsection 4.2.1 the
equations for b,,5(§) are:

2K
> b2y (€) =0, n=0,1,2,..., 25 —2 (4.2.52)
m=1
and
2K 1
b2 (E)y 25V (€) = ———— . 4.2.5b
3 @i =~ (4:2:0)
As for am2(€) and ¢,2(), the related boundary and continuity conditions yield
2K 2K
> <am > cmg(g)yfgf”(o)) =0, r=123,.. .,k (4.2.6a)
n=1 m=1

> (ﬁ > Oy Y (0) = Bure D (ama(€) + bm(s))y,ﬁ?;l’(b)) =0,

n=1 m=1 m=1

r=1,2,3,...,2x: (4.2.6b)

> <7m~2 > (ama(§) - me(g))ygﬁg”(e)> -0, r=123... k (4.2.6¢)

n=1 m=1
4.3. Self-adjointness and symmetry of the Green function

4.3.1. Self-adjointness. Assume that there are the comparison functions

| ow(x) if 2 €][0,0)],
u(w) = { w(z) if e [b.4.

and
vi(z) if x € [0,b],
v(z) = { vo(x) if e [b ). -

Let us define the product
(u,0), = /0 s (2) Ly [or (2)] dar + /b n(2) Lo[vs(2)] d. (4.3.2)

on the differential operators L; and Ls. The coupled boundary value problem is self-adjoint
if the product (4.3.2) is commutative.

4.3.2. Symmetry of the Green function. Let us consider now the following two
inhomogeneous coupled boundary value problems

Lyfuy(z)] = ri(z), Lo[ug(z)] = ra()

4.3.3
L@ =5i1(), L)) = s:(2) (43.3)
and the associated conditions:
Uor[uq] = 0, Uor[v1] = 0, r=12...,K;
Upr[ug, us] =0, Uprlv1,00] =0,  r=1,2,...,2k; (4.3.4)
Ul?”[UQ] =0, UQT[UQ] =0, r=12,...,K.

Here ui(x), us(x), vi(x), vo(z) are now the unknowns, ri(x), ro(z) and si(x), ss(x) are
continuous inhomogeneities in = € [0,b], z € [b, {]. For such self-adjoint BVPs; it holds that

(u,v) — (v,u) =0,
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where u(z) and v(z) can be given as

u(z) = /0 Glr,r(€)de  and  v(x) = /O G, €)s(€) de

in which

_fn© itaepn o [s(©) i Ee o)
T@y_{m@)ifxewjzl] d s {@@)ifgewwz1] (43.5)

(u,v) — (v,u)p = /0 (u Llv] — v L[u]) dx =

:ZLAKXLQ—G@Jﬂﬂ@d@d&x:O (4.3.6)

As both r(z) and s(z) are arbitrary continuous functions, the last integral in the former
equation is zero if and only if the Green function is symmetric in ¢ and x.

4.4. Coupled eigenvalue problems
There are the differential equations

where yi(x), = € [0,b] and yo(z), = € [b,¢];(0 < b < £ = 1) are unknowns while \ is the
unknown eigenvalue. Differential operators K [y;] and M; [y;] are detailed by

ul (n)

Kily) = 30" [fuie)™@)]

e " (4.4.1b)
Mify] = Y (-1 [l @) k> a2
n=0
in which the real function (f,;(x)) [gni(x)] is continuously differentiable (k) [u| times and
fri(z) #0 if 2 €10,0] (4.4.1c)
gui(z) #£0  if ze[b(]. (4.4.1d)

This time, the order of the operator on the left side of (4.4.1a) is greater than the order on
the right side.

Equations (4.4.1) and the homogeneous boundary conditions define a coupled eigenvalue
problem (CEP). After performing partial integrations, the following formulae are found for
the products (u,v), and (u,v),,:

= S0 ) [ UW](WT:
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_ - ’ (n) (n) - ‘ (n) (n)
Kolw)+ 3 [ @@l @ e+ Y [ @@ @) e,

(4.4.22)
and
o n—1 n—1—m710-0
o)y = [ 000 [t o] ]
# [0 [l @] |
=3 [ @@l @ dr+ 3 [l @t o) de -
B b 1
= Mo 0) + 3 [ @l @)+ 3 [l @l @) do
i i (4.4.2b)
If
Ko(u,v) = Ko(v,u) and My(u,v) = My(v,u) (4.4.3)

then the problem is self-adjoint.
The n-th eigenvalue is A\, (n =1,2,3,...) and the related eigenfunction is

) yw(x) if 2 €0,0],
Yo(z) = {yzn(x) it e b (4.4.4)

Because of the self-adjointness, the eigenfunctions are orthogonal:

_ A'rL (yk7 yn)M it n =m, _
(Yns Um) ¢ = { 0 if netm. n,m=1,2,3.... (4.4.5)
If we set n and m equal, there is
A, — W)k (4.4.6)
(yna yn)M
If
(u,u), >0, and (u,u),, >0 (4.4.7)

is fulfilled for any u then the CEP is positive definite.
The eigenvalue problem is simple in case

Mily] = goi()y1(x) and  Maly] = goz(7)ya(z). (4.4.8)

Assume that the eigenvalue problem is simple and the Green function of the problem is
known. Then

Y4
y(x) = X / G, €)golE)y(€) dE (14.9)
where
l(x) iffE [07b)7 Ol(x) iffG [O,b),
y() :{ mio) iteep g @ o) :{ o) e e (b0

The structure of G(x,&) is given by equation (4.1.4). In this way the CEP is replaced by
a homogeneous Fredholm integral equation. When that the original eigenvalue problem is
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self-adjoint, and positive definite, i.e. it holds go(¢) > 0 (£ € [0,¢]). In such case, the
previous Fredholm integral equation can be rewritten by

JM»Z{AK@@w&ma (4.4.10)

where

V() = Vaolx)y(x),  K(z,8) = Vgo(x)G(x, )/ g0(8)- (4.4.11)

Here, Y(z) is the unknown while the kernel K(z,§) is symmetric.

4.5. Stepped beams

4.5.1. Governing equations for heterogeneous stepped beam problems. Figure
4.1 shows a fixed-fixed (fixed - slider supported) heterogeneous stepped (FFStp) beam and a
pinned-pinned stepped (PPStp) beam under the action of an axial force. The arrangement,
assumptions and notations are the same as in the previous chapters. The cross-sectional areas
A;, (i = 1,2) are constant and there is cross-sectional heterogeneity. The discontinuity in
the cross-sections occurs at coordinate b.

Al’ |eyl AZ' IeYz

L1:6 L2

L+l =L |

FIGURE 4.1. Heterogeneous stepped beams.

Equilibrium problems of such beams are governed by [75]:

oo da, A A
Ron(2) = Loy T = u(), 3 € [0,5]
T
4,5 (4.5.1)
d Wa " ~

Rotis () = Ly 2 = o), & € [b, L]

Y2 di,4

The former equation with dimensionless quantities are

A 0,0 ifi=1,
Ki(w;(z)) = Ieyl.wf‘) = fu(x), fua= L*f., w€ { [[b g]} ifi=9.
M ’ (4.5.2)
Wi (k) _
rpraalC U (k=1,...,4)

The related boundary and continuity conditions are detailed in Table 4.1.
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TABLE 4.1. Boundary and continuity conditions.

Boundary conditions
(FFStp beams) \ (PPStp beams)
w(0) =0, w(0)=0]w (0)=0, w?0)=0
wo(€) =0, w(0) =0 wy(t) =0, W) =0
Continuity conditions
wP(b—0) = w (b +0)
Loywi? (b= 0) = Ly,ws” (b +0)
Loy wi” (b — 0) = Ly, w” (b +0)
If the Green function of the coupled boundary value problem is known, the solution to
the dimensionless deflection w(z) (w(z) = wq(z) if x € [0,b]; w(z) = we(z) if x € [b,{]), is
given by

l .
wo) = [[cwonow  ro={ g FiEhd  usy

Moving on now to the free vibrations, the loading in this case is

| parAi LWt (z) if £€1(0,0], 1 if £€10,0],
FO={ b riane) €l = eaAT) Il i g e
Ad al<411
(4.5.4)

in which w;(z) is the dimensionless vibration amplitude, p,; is the average density of A;
while w is the natural circular frequency. Hence

Ki(wi(x)) = [ey1w§4) = pa A LW? ws(z),
—_—

A,d4 (4.5.5)
Fo(wi () = Lyyws? = \2222 0, ().
palAl
are the equations to be satisfied by w;(x) to get the \; eigenvalues. Recalling equation (4.5.3)
in case the corresponding Green function is known, this eigenvalue problem can be replaced
by the Fredholm integral equation:

¢ 1 if £€10,0],
w(x) = )\d/o G(z,§w(§) paQQQ it £ e b . dé. (4.5.6)
Pa1411

4.5.2. Calculation of the Green function — FFStep.
4.5.2.1. Particular solutions. The linearly independent particular solutions of the corre-
sponding differential equation K;(w;(z),i=1,2) =0 are
wyp =wie =1, wo =wyp =2, w3 =wsp= $27 Wy1 = Wy2 = z° (4-5~7)
4.5.2.2. Calculations if £ € (0,b). Here we seek the unknown coefficients a,,1(€), b1 (€)
and ¢,,1(§) for the Green function. To do so, equations (4.2.2) yield

b1 52
by | 1 -3¢
by | 121, 3¢ (4.5.8)
b41 —1

Boundary and continuity conditions of Table 4.1 determine the following equation system:
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Boundary conditions at x = 0:
4 4
D miwm1(0) = = byt (0) (4.5.9a)
m=1 m=1
4 4
> w1 (0) = =3 by} (0) (4.5.9b)
m=1 m=1
Continuity conditions at x = b:
4 4 4
> i1 (b) = Y Cmima(b) = Z Dt (D) (4.5.9¢)
m=1 m=1 m=1
4 4
Z amiw) (b) — Z cmzw Z brgw (D) (4.5.9d)
m=1 m=1
- I
(2) Zeys (2)
i W,y — 7mw bimiw, 1 4.5.9e
> 2 St -3 .
Z amlw(?’) ew Z mlwm2 Z bmlw (4.5.9f)
ey1 m 1
Boundary conditions at x = £:
4
> Cmitvma(£) =0, (4.5.92)
m=1
4
> cnwl(0) = 0. (4.5.9h)
m=1
After substituting w1, w2 and b,,; equation system (4.5.9) takes the form:
100 0 0 O O 0 7 [an] i =& T
010 0 0 0 O 0 a9 3¢2
000 b —1 —b —b> —b® azy 263 — 620 + 3¢b* - b?
002b30> 0 —1 —2b —3b? ag | 1 —6£2 4 6£b — 3b? (4.5.10)
002 6b 0 0 —2a —6ad e | 121, 6 — 6b o
000 6 0 0 0 —6« o1 —6
000 O 1 12 62 €3 C31 0
000 0 0 1 2¢ 3% ] Lcgl | 0 i
Therefore, G11(x, &) and G (2, €) are available as
& £ 3 3 o
+ + —
3
+ £ (€ —b)* + o (—4bPa€ + 2ab%€* + Ab°€ — 20°€% + 207€*—
12D1.,,
3
—40°€ + 4b0% — 60707 + 400 + ab* — 2b*)] + 1—2} ’+

b)' + a (4b6°

1
* { 12D1,,, O

— 60207 + 406° + ab* — 2v*

— 60262+
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1
+4abg® — 6ab’E? 4 4067 — 4bE® + 6b°¢7)| £ —ﬁ} 23, (4.5.11)

1
6D1.y
+3b%ar — E0F + 4E0b — 28w + 2bxé — 4€abl + 3Eab® — 2£baa;} , (4.5.12)

Gor(z,€) = £ (0 — )" [30%x — 60 + 6b° — 3b*x — 3b%¢ + 6b%al — Gba+

where
D= (0 —b)" + ab(ab® — 20° + 40b* — 6070 + 40%) . (4.5.13)

4.5.2.3. Calculations when & € (b,¢): According to equations (2.2.22) and (2.2.23), while
using Property 4, the equality w,,;(x) = w,,2 and equation (4.5.8), it follows that

bio fz
by | 1 -3¢
b | = oL 5 | - (4.5.14)
b42 —1
The boundary and continuity conditions lead to
C1b b0 b 00 =02 —b 7 [ap] [ &3 — 3bE? + 3b%¢ — b3 7]
012b 36200 —2b—3b%]| | as —3€2% + 6b¢ — 3b?
00200 6ab 00 —2 —6b as2 a (66 — 6b)
000 o 00 0 -1 aspp | -1 —a
000 0 10 O 0 ciz2 | 121,,, 0 (4.5.15)
000 0 01 0 0 C99 0
1607 00 0 0 C39 —E3 43620 — 3¢02 + 03
(01203200 0 0 | Lcao ] 362 — 60€ + 302

As a consequence, the Green functions are

1
Gia(z,€) = DI 2% (€ — €)° [30%¢ — 6b*0 + 6b° — 3b°¢ + 6b*al — 6b°r + 3b% s
€Y1
—x0? + 4alb — 220E — 3xb® + 2xbé — dxabl + 3rab® — 2xboz§} , (4.5.16)
Gaz(7,§) =
= ﬁ [— (€= b) (—2b€ + &€ + bE) (—207b% + 2b02E + (€% + 26706 — AbLE* + b7E) —
€Y2
— b (6bEL* — 120%€0% + 6b°E0% a + 120%0%E% + 4033 — 12b03¢% — 40*0 + 803b°—
53

—4bP o + 2630 — B33 a — 7€) =

127 +

€Y2

+ {—122)31 [(£—b) (463b¢ — 2030 — (32— 5022+ 4027 € — 2020 +- 406>~ 5LEP? +AUbPE — £2b%) —
€yY2

—ba (—bPag? — 20%b — 8LbPE + 4bPalE — ALDE® + A0AE + 4023 — 40P+

—3¢£2
H4LEY + 2870 + 4% — 27 (%a)] + ¢ T+
121.,,

+ { : 2D3[ [(£—b) (—4b%E% — 4b?0% — AL 07 + 2b€° + b3 + £0° + 2630 + 5bEL® — 4bE* 0 + 5b>EL) —
€yY2

—ba (4b%€2 + 4b* 0% — 2b¢% — 203 — 4b03 + 4E0° + bPal — 4b*¢l)] £ 12?}5 } i

€yY2

1 2 2 2
+{12DI [(€ =) (b—2¢ + £) (2b€ — 4bl — 26> + €2 + 260 + b?) +

€yY2
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-1
+ba (467 + 40% — b3 — 6bE? — 4b%0 — 12607 + 2b° + 12b€0)] £ 121} 3 (4.5.17)
€yY2

The unit of the Green function is 1/N mm?.
If we introduce the dimensionless distributed load

fzi Lgfzi
foi = 77— = (4.5.18)
[eyi Ieyi
and multiply equations (4.5.2); by 1/1I,,,, then
Y= f(x). (4.5.19)

What is found now is a three-point boundary value problem. The dimensionless Green
function for this three-point boundary value problem is

g11<x7£) ey1G11(x 6) lf l’,f S [Oab]a
g( 5) . 921(33 ) ey1G21( ) if z € [b, f] and 5 € [O, b],
DTN Gualw,€) = Ly, Gralw,€) if € [0,0] and € € [b,4],
QQQ(ZE f) = IeyZGQQ(x7§) if l’,g S [b, ﬁ],

G(x,€) depends on I, and I, via o, as the beam is stepped. The solution for equilibrium

problem is therefore
¢ .
— T _ le(g) if g € [Oab]a
- / G(x, Of(E)de,  7(¢) —{ S e

Although the three-point boundary value problem is not self-adjoint, the symmetry condi-
tions

(4.5.20)

Gii(z,6) = Gu(&,z) if z,£€0,0],
gz;f; ) — gl;ff;) if =€ b and¢ € |0,b], (4.5.21)
Goo(z,€) = 922<§ x) if x,& € [b, 4]

are fulfilled. R

If we write b, L ,& and & for b, ¢, x and £ in equations (4.5.20), the Green function is
available for the cube of the length unit. Figure 4.2 shows this Green function for a FFStep
beam with L = 100 mm, b =50 mm, f =75 mm and a= 0.512.

1000 x G(X, &)

2 W W
sal [P Aut ] Ao,

2271

20+ b=1/2

18T
16T
141
121
10T
08T
06T
04T

02T

0.0 == 10X
00 05 1.0 15 20 25 30 35 40 45 50 55 60 65 7.0 7.5 80 85 9.0 9.5 10.0

£=0.75 L/10

FIGURE 4.2. The Green function of an FFStp beam.
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4.5.3. Green function — PPStep. Repeating the calculation steps detailed in Sub-
section 4.5.2 for PPStep beams yields:

Gu(2,6) = o {(-€ =€)+
+ % (4(€ =)+ a (1200 (€ — b) + 2620 + 4b* — 3¢0%)) & (—352)} T+
+ (=3¢ £38) 2 + (—% (0 —2¢) + (—1)) x3} , (4.5.22a)
26 (0 — ) 2 2 2 3 2 2 3
€Y1
and
2z (L —=¢) 2 2 2 3 2 3 2
Guo(r,8) = 57—~ (2607 = 30* — €20+ 2b° 4 a (300" — 2b° — 2%()) (4.5.23a)
1 3 3 3 3 £
Goo(z,§) = 1217 (4b E— &7 — 4b° + dab® (0 — 5)) + +

121,

€y2

121,

€y2

_35 35 2 1 —1 3
+ - 0—26) + . (4.5.23b
* (1216y2 121 )x +< BT AR R DY )x (4.5.23b)

ey2 €y2

! + — 2
(12[ ? (467 + 20€° — 302€% — AVE + 40 + 4b°ag — Alb’a) £ 3¢ ) "
€y2

With (4.5.20), the eigenvalue problem can be rewritten into

¢ .
1 if £€0,b],
ww)=A [ oweuwe | | f e b, (4.5.21)
where \
N\ — >\d _ PalAlL w27 and K = Pa2A2Iey1 (4525)
]eyl Iey1 palAlleyg

is the new eigenvalue.

4.5.4. Example 1. Consider the FFStep beam as shown in Figure 4.3. It is assumed
that v = 1if 2 € [0,b)] (v = 0.95,0.90,0.85,0.80,0.75 if # € (b, L]). The cross-sectional
parameters and material distribution are the same as those mentioned in the example of the
previous chapter, except that the height ¢ = va is now a parameter.

[ p—

E; E, | Ex

>
L]y
=
S
pS)
|
<

ap a

i

FIGURE 4.3. A stepped beam with rectangular cross section.
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TABLE 4.2. Data for the cross sections.

” Pal = Pa2 = Pa Ieyl ]ey2 o= %y? K
kg/mm3 kg mm?’/s2
0.95 8.1451 x 10™ [ 0.857375 [ 1.1080332
0.90 6.9255 x 10 | 0.729000 | 1.2345679
0.85 ] 4.423333 x 10791 9.5 x 10 | 5.8342 x 10 | 0.614125 | 1.3840835
0.80 4.8640 x 10 | 0.512000 | 1.5625000
0.75 4.0078 x 10** | 0.421875 | 1.7777778

The related eigenvalue problem is solved numerically using a solution algorithm that is
based on the boundary element method [78|. Figure 4.4 shows the numerical results for
V/A1/4.730042 as function of parameter b. Each curve in Figure 4.4 represents a different
value of the parameter . With Ay it follows form Eq. (4.5.25) that

1 | Ly,
= — AL
L? palAl !
Assume that v = 0.8 and b = 0.5, thus

VA1 = 4.73004% x 0.88372654 = 19.771 859

wy (4.5.26)

and
wy = 181.098 36 r/s.

J114.730042
1.02 T
1.00 T p
098 T D S S SRR SRS SR/ |

a = 0.857375 096 T % L g o o o o &%y
x =1.108033 o, T P N A N P O ey LA

a=0.729000 %7, S j— e —
k = 1.234568 090~ B - L L 14

088 T #

«=0614125 . 1/
x — 1.384083 %71
0.84 +

512000 %8277

a=0.
x = 1.562500 080
a = 0421875 71
—1

0.74 H———— ——t ——t H——t H———— ——t ——t H——t ——
0.000.050.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00

FIGURE 4.4. The first eigenvalue as a function of b; o and x are parameters.
If there is no step in the beam cross-section, the eigenvalues coincide with that presented in
Figure 3.4 for b=0 and ¢ = 1.
4.6. Axially loaded stepped beams

4.6.1. Governing equations. Equilibrium problems of axially loaded beams are gov-
erned by

Kio(wy(2)) = Ieylwfl) + N L2l = falx), z€]0,0];

@) 2 () . (46.1)
Koo(we(x)) = Ley,wy ' £ NoL*wy ' = foo(Z), x € [b, 1]
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where N; > 0 and N, > 0 are axial compressive forces. These equations are associated with
boundary and continuity conditions in Table 4.1. If f,;(x) = f.o(x) =0, Ny = Ny = N and

N > 0, we get an problem for the critical load N.;;.
Given that,if we know the Green functions G.(z,§) (N is compressive) and Gy(x,&
(N is tensile), solution for the dimensionless deflection w(z) (w(x) = wy(x) if x € [0,0];
w(x) = we(x) if x € [b,f]) is given by integral (4.5.3).
When the axially loaded beam does transverse vibrations, there is a homogeneous integral
equation (4.5.6) with (G = G.(z,§)) |G = Gi(x,&)] as the kernel function.

4.6.2. Green function for compressive force case. With

M

NL?
‘[eyl

and Ny =

NL?

I €Y2

(4.6.2)

the particular solutions to the dimensionless displacements in equations (4.6.1) are given by

wn =1, wip =2, wiz=-cospix, Wiy =sinpT,

wo1 = 1, Wog = T, Wz = COSPax, Waq = SINPaT,

If € € (0,b), we repeat the calculation steps detailed in Subsection 4.5.2.2.

the following systems for FFStep beams:

Z’G[O,b), plz\/M;

(4.6.3a)

€ (bl=1], py=+/Nyo (46.3b)

Therefore, we get

£
1 & cospié sin p & b 0 b1 p§1
01 —pisinpi§ prcospi§ bar | _ 0 b | _ 1 2 (4.6.4)
00 —pfcospi€ —pisinpi§ | | bs U 21, snpd o
3 o 3 1 by
00 pysinpi§ —pjcospi§ ba Tl by cospi
P
and
10 1 0 0 0 0 0 T an
01 0 D1 0 0 0 0 a1
1 b cospb sinp;b —1 —b —cospsb  —sinpgb asy
01 —pysinpib prcospitb 0 —1 posinpsb  —po cospob ag |
00 —picospib —pisinpib 0 0  apicospsb apssinpyb e |
00 pisinpb —plcospib 0 0 —apssinpsb apicospsb a1
00 0 0 1 12 COSp2£ Sil’lpgg C31
| 00 0 0 0 1 —P2 sianE P2 COSng 4 LC41
[ —p1§ + sinpi§ i
p1 — p1cos pi€.
1§ —pib+sinpy (b—¢§)
1 —p1 4+ prcospy (b—§)
= — . 4.6.5
21y, i —pisinp; (b—¢€) (4.6.5)
—picospy (b—¢)
0
0 i

When considering PPStep beams, note that the functions b;; are the same as those for
FFStep beams. The second equation system is of the form:
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1 0 1 0 0 O 0 0 17 ann ]
00 1 0 0 O 0 0 a91
1 b cos p1b sin p1b —1 —b  —cospb — sin pob asy
0 1 —pisinprb prcosprtb 0 —1  posinpsb —pso cos pob agp |
0 0 —picospib —pisinptb 0 0 apicospsb  apisinpyb cn |
0 0 pisinpib —plcosptb 0 0 —apdsinpd apscospsb a1
0 0 0 0 1 14 COSpgg sinpgf C31
| 0 0 0 0 0 0 cos pol sin pol | e |
i —p1€ + sinp€ 1
sin p&
1 plf—plersinpl( (b—)ﬁ)
—p1+prcospr (b—¢
= Y P sing; (b—€) (4.6.6)
—p3cospy (€ —b)
0
L 0 i

Note that the notations for the unknowns are the same as before.
If £ € (b,¢) — repeating the steps of Subsection 4.5.2.3 — yields for FFStep beams:

¢
1§ cospaé sin pag bi2 0 bio P_%l
0 1 —posinps§ pacospa§ by | 0 boo | 1 5 (4.6.7)
00 —pjcospsl —pasinps€ | [ bz | | O |7 | b | 21, |25k
00 pisinpsé —pjcospoé | [ba] [ —3mr | [ be cospst
P2
and
1 b coS pab sin pob —1 —=b —cospib —sinpib | [an]
01 —posinpsb  pocospb 0 —1 pisinpb —picospib 92
00 —apicospsb —apisinpsdb 0 0 p?cospib  p?sinpb aso
00 apssinpsb —ap3cospsb 0 0 —pisinpb pdcospb ap |
00 0 0 1 0 1 0 C12 -
00 0 0 0 1 0 P1 C22
17 cos pol sin pol 0 O 0 0 C32
|01 —pgsinpal  pocospal 0 0 0 0 | Cyo |

[ p2& — pab+sinpy (b—§) 7
P2 COS P2 (b - f) — P2
—apssinp, (b —§)

| —api cosps (b— &)
- = 4.6.8
T 0 (4.68)

—pa& + pol — sinpy (€ — &)
L P2 — P2 COS P2 (6—5) i

Moving on now to PPStep beams, the functions b, are unchanged. The second equation
system is
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1 b cos pab sin pob 0 —=b 0 —sinpib 7 [ ap ]
0 1 —posinpsb papcospsb 0 —1 0 —pjcospib 99
0 0 —apicospsb —apisinpsb 0 0 0 pisinpb 32
0 0 apdsinpsb —apjcospsb 0 0 0 plcospib asp |
00 0 0 1 0 0 0 cia |
00 0 0 0 0 1 0 Co2
1 7 cos pol sin pol 0O 0 0 0 C39
| 0 0 —cospsl —sinpsd 0 0 O 0 1 L cao |
[ p2€ —p2b+sinps (b—§) ]
pacosps (b—&) — p2
—ap3sinps (b —¢€)
1 —ap3cospz (b —§)
- 4.6.9
2Ley,13 0 (469)
0
—p2& + pol — sinps (£ — &)
i sinpy (¢ — &) i
The closed form solution for a;1(£),. .., cs2(§) are very long formulae and thus, are omitted.

The dimensionless Green functions G.(z, ) can be found using Eq. (4.5.20).
Figure 4.5 shows the dimensionless Green function G.(x, &) for FFStep when £ = 0.75.

1000 x G¢(x,&), a = 0.512000
9

1 W2
Az, ley,

[2 Aptg, ™

b=L/2 T
L

p2 = 6.0

P2 =4.0

10x

0 y——1 t t t t t t t t t t t t t t t f
0.0 05 1.0 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 9.0 95 100

FIGURE 4.5. The Green function of an FFStp beam subjected to a compres-

sive force.

£=0.75

4.6.3. Green function for tensile force. Recalling equations (4.6.2) the particular
solutions to the dimensionless displacements are given by

wiy =1, wypy =2, wig = coshpiz, wiy =sinhpyz, z€l0,D);

wop = 1, weg = o, wyz = coshpox, woy =sinhpex, =z € (b, ¢ =1].

(4.6.10a)
(4.6.10b)

The structure of the Green function is the same as before. Assume that £ € (0,b). For
FFStep beams, the computation steps are given in Subsection 4.5.2.2. This line of thought

yields:
1 ¢ coshpi§&  sinhp€ bir 0
0 1 pysinhpi§ pycoshp€ bor | | O
0 0 pjcoshpi& psinhp€ bsr | | O |’
0 0 pisinhp€ picoshp§ bar —%

_£
bH 1p§
bar|__L | #
bsr 21, Sm;l—gplg
b4[ o Cos]h3p1§
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Utilizing the boundary conditions, the equation system for a;; and ¢;; becomes
10 1 0 0 O 0 0 1 air ]
01 0 D1 0 O 0 0 aor
10 coshpib sinhpib —1 —b —coshpsyb — sinh pob asy
0 1 pysinhpib pycoshpib 0 —1 —posinhpab  —po cosh pob aqr |
0 0 p?coshpib p?coshpib 0 0 —apicoshpyb —ap3sinh pob ar |
0 0 pdsinhpb pdcoshpib 0 0 —apssinhpb —aps coshpeb | | cor
00 0 0 1 7/ cosh pof sinh pof C31
100 0 0 0 1  posinhpyl Do cosh pal | car |
p1§ — sinhpi§ ]
—p1 + p1coshpi§.
—p1§ + p1b — sinhp; (b — &)
1 p1 — prcoshp (b— &)
= — . 4.6.12
21,7} —pisinhp; (b— &) ( )
—p3coshp, (b—€)
0
L 0 |

The functions b;; will not change for the current boundary conditions. As for the second
equation system, we have from the boundary conditions that:

10 1 0
00 1 0
1 b coshpib sinhpib
0 1 pysinhpib p; coshpib
0 0 p?coshpib p? cosh pib
0 0 p?sinhpib p? coshpib
00 0 0
(00 0 0

0 O
0 0
-1 —b
0 -1
0 O
0 O
1 7
0 O

0
0
— cosh pob

—po sinh pob

—ap3 cosh peb —ap3 sinh pyb
—ap3 sinh peb —ap3 cosh pab

cosh pof
cosh pof

1
2[ey1p?

0 T Tar]
O Qaor
— sinh pob asy
—pso cosh pob asr |
cr |
Cor
sinhpzf C3r
sinhpgf L Car
p1§ — sinhp1§ i
—sinh p&

—p1€ + p1b — sinhpy (b — &)
p1 — p1coshpy (b - f)
—p?sinhpy (b — &)

—p3 coshpy (b — &)

0

0

(4.6.13)

Next, £ € (b,¢). Recalling the calculation steps from Subsection 4.5.2.3, we obtain the
following equation systems for b;;;, a;;; and c¢;;:

1 & coshpyé

sinh po&

0 1 pasinhpsg pa coshpag
0 0 p5coshpad p3sinhpyé
0 0 pjsinhps pj cosh poé

¢
-2
birr 0 birr P
barr | 0 borr | 1 3
— - sinh
bsrr 01 " barr 21y, p—3pQ§
barr T barr _ cos’rfl_smﬁ
D2

9

(4.6.14)
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1 b coshpyb sinh pob —1 —=b —coshpib —sinhpib 7 [air]
01 posinhpsb  pocoshpsb 0 —1 —pgsinhpib —pq coshpib asrr
0 0 ap3coshpsb apisinhpb 0 0 —picoshpb —pisinhpb asrr
0 0 apssinhpyb —apscoshpsb 0 0 —pisinhpb —pdcoshpib | | asrr |
00 0 0 1 0 1 0 cr |
00 0 0 0 1 0 D1 Corr
1 £ coshpyt sinh pol 0 0 0 0 C311
| 01 pycoshpol  posinhpel 0 0 0 0 1 Learr ]
[ p2& — pob+sinhpy (b— &) 7]
P2 COShPQ (b — f) — P2
ap2sinh py (b — &)
1 aps cosh py (b — &) (4.6.15)
21,03 0 a
0
—p2§ + pol — sinhp, (£ —§)
| p2—pacoshpy (0 —&)

Again, for PPStep beams b;;; will not change; while the notations for the functions a;;; and
birr are the same as before. The boundary conditions yield

1 b coshpyb sinh pyb 0 —b 0 —sinhpd | [air]
01 pysinhpsb  pocoshpb 0 —1 0 —pq coshpib asrr
0 0 ap?coshpsb apisinhpsb 0 0 0 —p?sinhpib asyy
0 0 apssinhpyb —apscoshpb 0 0 0 —p? coshpib aarr |
00 0 0 1 00 0 cur |
00 0 0 0 01 0 Carr
1 ¢ coshpyl sinh pof 0 0O 0 C3IT
[0 0 coshpyf sinhpf 0 0 0O 0 1 L carr |
[ p2€ — pab+sinhpy (b— &) T
p2coshpy (b — &) — p2
ap?% sinh py (b — €)
_ 1 ap; cosh pa (b —€)
=9 0 (4.6.16)
0
—po& + pol — sinhps (£ — &)
—sinh py (£ — &) i

The closed-form solution for the unknowns ai77(§), ..., car(§) are again very long formulae
and so are neglected.

4.7. Effect of the axial load on the frequencies

4.7.1. Governing equations. Here we seek the effect of the axial load on the transverse
vibrational frequencies. With the Green functions in hand, the eigenvalue problems can be
transformed into eigenvalue problems governed by homogeneous Fredholm integral equations:

¢ .
w(z) = A /0 Gulr, €)w(&) { ) }dg, (4.7.1)
for the case of a compressive force and
¢ 1if £€€[0,0)],
w) = [ Gle. e { |3 EE D bae, (172)
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for the case of a tensile force. Here A and x are given by equation (4.5.25). We focus on the
lowest value of the critical force. The solution to the corresponding eigenvalue problem is
given in Appendix A.2.1.

4.7.2. Example 2. Two problems are solved numerically here. For the first problem, it
is assumed that v = 0.90; then oo = 0.7290, and k = 1.2345679 for a FFStep beam. As for the
second problem, a = 0.65610000 , and x = 1.234586718 for a PPStep beam. These data are
taken from Table 4.2. The first eigenfrequency and the critical forces of the FFStep/PPStep
beams are calculated and the computational results are given in Tables 4.3 and 4.4.

TABLE 4.3. Values of \;.

V1 (b)/4.730042
beam b=02 | b=04 | b=05 | b=06 | b=0.8
FFStep [ 0.94306087 [ 0.93958134 [ 0.94601385 | 0.95527766 | 0.95835369
PPStep | 0.40326447 | 0.41156205 | 0.41927856 | 0.42836682 | 0.44331988

TABLE 4.4. Critical force.

\/NQCrit(b>

beam | =02 | b=04 | b=05 | b=06 | b=038
FFStep | 6.563688650 | 6.58893781 [ 6.73840194 | 6.94801747 [ 7.08637924
PPStep | 3.16728280 | 3.30994880 | 3.43419178 | 3.58174237 | 3.82743853

Let us note the first eigenfrequency for [compression| {tension} by |wi.] {w1:}. The first
eigenfrequency of the unloaded beam is w;.

4.7.2.1. Solutions to Problem 1.
(1) Results if b=0.2:
Table 4.5 contains the computational results.

TABLE 4.5. Eigenfrequency as a function of the axial load.

b=0.2
%]/V/C\ZZT; w%a/w% no load w%t /w% no load
0.000 0.99996606 | 1.00003393
0.100 0.90306768 | 1.09641322
0.200 0.80558100 | 1.19233938
0.300 0.70750101 | 1.28780763
0.400 0.60878458 | 1.38284459
0.500 0.50938378 | 1.47747462
0.600 0.40924518 | 1.57172007
0.700 0.30830903 | 1.66560145
0.800 0.20650822 | 1.75913769
0.900 0.10376710 | 1.85234623
1.000 0.00000000 | 1.94524322

Graphical representation of these results is presented in Figure 4.6.
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2 2
@ 1t/w 1 no load

} } } } } } } } ¢ NalNoit
00 01 02 03 04 05 06 07 08 09 10

FIGURE 4.6. Graphical representation of the results presented in Table 4.5 .

It is noted that the quotients w?,/w?  1,.q and w /w? . are almost linear functions

in N5 /Naerit. The quadratic polynomials

2 2
2“’# = —3.752898 481 x 1072-2%— — 0.961 635 336 A +0.999 602 766 ,
W1 no load 2crit NQCT‘it

2 2 N
# = —1.936 132658 x 107222 + 0.964 2859107 + 1.000 174 954
W1 no load 2crit Nchit

fit onto the computed results with at least a four digit accuracy.
(i) Results if b= 0.5:

2 2
# = —3.843202128 x 1072 AQ/Q — 0.960 668 935 N 4 0.999 576 294 ,
W1 no load 2crit NZCTit
2 2
1938551945 x 1072 AQ[Q + 0.963 587 738 N + 1.000 178 405 .
W1 no load 2crit NQCT‘it
(ili) Results if b = 0.8:
w%c —2 22 NZ
——1¢— = —3.098 719962 x 10 *--2— — 0.968 372 084 +0.999 693 086,
W1 no load 2crit Nzcﬂt
2 N3 N
L 1664490344 x 1072-2 4+ 0.970 329 880—~2— + 1.000 142979 .
W1 no load 2crit NQC’/‘it

4.7.2.2. Solutions to Problem 2.

(i) Results if b= 0.2. The numerical results are collected in Table 4.6.
Figure 4.7 is the graphical representation of the findings.

(4.7.3a)

(4.7.3b)

(4.7.3¢)
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TABLE 4.6. Eigenfrequency as a function of the axial load.

N/Ncm't =
/\/’Q/A/‘chit

b=0.2

2 2
wlc/wl no load

2 2
wlt/wl no load

0.000
0.100
0.200
0.300
0.400
0.500
0.600
0.700
0.800
0.900
1.000

0.99985049
0.90001388
0.80002506
0.70003341
0.60003881
0.50004109
0.40004012
0.30003571
0.20002769
0.10001586
0.00000000

1.00014949
1.09998352
1.19996457
1.29994325
1.39991964
1.49989385
1.59986595
1.69983602
1.79980415
1.89977039
1.99973481

2 2
a)lt/wl no load

2 fo2
wilo

1 no load

: : : : : : : | =~y No/Nociit
00 01 02 03 04 05 06 07 08 09 10

FIGURE 4.7. Graphical representation of the results presented in Table 4.6 .

The quadratic approximations

2 2
wQL = —3.331337633 x 10_4/\/,22 —0.999 625 6857NN2A + 0.999 945 6098,
1 n02load N2 2crit A 2crit (474&)
A —6.307884335 x 107752 + 0.999 631 7373~ + 1.000 053 866.
W1 no load 2crit N 2crit
fit onto the numerical results with a four to five digit accuracy.
(i) Results if b=0.5:
? N3 N
e 4104840441 x 107422 — 0,995 790 18712 + 0.999 920 6831,
W1 no load 2crit NQCTit 4.7.4h
: 2 Iy (4.7.4D)
let = —2.080081369 x 10~ 22 + 0.9959923923~—2— + 1.000 062431.
W1 o load 2crit N 2crit
(ili) Results if b = 0.8:
wi 2 NG Na
———— = —5.252032453 x 107" —— — 0.999 440 542 7/\/ + 0.999 959 9196,
w i cri
1:}0210ad K;;Zt ./\2/' t (474C)
= 1137211210 x 107122 4 0.999 462 7271 -7 + 1.000 038 224.

2
2crit

A/‘Qcm't

2
Wi no load
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If b =0 or b = 1, the beams behave as if they were fixed-fixed beam/pinned-pinned,
without a step. Then the quadratic approximation for w?, /w? .4 coincides with that
published in [78]. The content of this chapter is derived from the author’s publication {3}.



CHAPTER 5

Stability of imperfect curved beams

5.1. Governing equations

Let us consider a fixed-fixed arch as it is shown in Figure 5.1. The cross-sectional coor-
dinates are denoted as 7 and (, while the axis ¢ aligns with the circumferential direction.
Notably, axis n serves as a major principal axis of the arch. The arch has a length of S,
with an included angle of 26, and an initial constant radius of curvature R. Additionally, ¢
and s = Ry represent the angle and arc coordinates, respectively. The mechanical load is
applied at the crown point, where ¢ = 0. This configuration represents a scenario where the
load is positioned at the symmetry axis of the perfect arch.

Iuperfect
O 1 ¥

FIGURE 5.1. Arch geometry configuration.

It is assumed also that the arch has a small scale arbitrary geometrical imperfection
through initial radial displacements h(y). It causes strain but the initial state is considered
to be stress free. The total longitudinal normal strain at any material point, according to
the Euler-Bernoulli hypothesis, is

__R [du_ wth du  d*w  dh\] 1 E_d_w_i_%Q (5.1.1)
€§_R+§ ds R Rds ds? = ds? 2\R ds ds/) o

where (in this Chapter) u and w are the axial and radial displacements on the centroidal
axis, respectively. Here, it can be assumed that w >> u due to the shallowness of the arch,
which is generally accepted in the literature — see [64]. Thus, the effective strain that induces
stress is

c —_R %‘FE‘F dQ_w ldQ_ijd_w% (512)
ST R+(¢|ds R Cds?] ' 2ds?2 | dsds o
The membrane strain at an arbitrary point on the centroidal axis (¢ = 0) is
du  w 1 , dh dw dh dw
myeff — 7 = = -V = &m -, = —. 5.1.3
el = s TR TG T G a YT W (5.13)

where 1 is the rotation. There is an extra term in equation (5.1.3) in comparison to the
perfect arch [81] on account of the initial displacements. In the above theoretical formulation,
the nonlinear term is %¢2 in the rotation field of the arch, which is not negligible compared

65
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to the other terms, and it contributes as the cause of non-linearity. The axial force N and
the bending moment M can be represented as follows using the Hooke law [82]:

I, d*w
N = dA = FE dA ~ A L 1.4
/AUs /A Ecff Emeff T p gz (5.1.4)
d?w w
M = dA = Eeop(dA = -1, | — + — . 1.
/Aas /A EefsC (dsQ + RQ> (5.1.5)

Here, I. is the E-weighted moment of inertia about the major principal axis n and A,
the E- weighted area of the cross section:

Ie:E/(QdA; AE:/ EdA. (5.1.6)
A A

The cross-sectional radius of gyration is, thereby, defined by r = y/1./A.. The bending
moment and axial force have a mutual effect on the membrane strain:

M
N + E = Aeem,eff- (517)

Using the principle of virtual work, the nonlinear pre-buckling equilibrium configuration
is established from

/ o¢deepy AV —q dwl,_ = 0. (5.1.8)
v
As detailed in Appendix A.3.1, the principle yields the following coupled differential equa-
tions of equilibrium
dN 1 [dM M u  dw
— 4+ —=|— = (N+—=||=—— )| = 1.
ds+R{ds ( +R)(R ds)] 0 (5.1.9)
d [dM M u dw N
= (N =) (=== -2 =0 1.1
ds[ds ( +R><R ds)} R~V (5.1.10)

The fundamental equations with kinematical quantities can be found by recalling equa-
tions (5.1.3)- (5.1.10). Details are provided in Appendix A.3.1 and A.3.2 that lead to

’

and
W+ 2+ D)W+ 2W = (- 1)1+ H) (5.1.12)
given that
_ w h 9 . _AeRQ_RQ' B o S0
{W,H}— E,E} , W _]-_Kgm,eff7 R = [e —ﬁ, )\—\/EQ = § (5113)

are dimensionless parameters.
In which A is the slenderness of the arch [61]. The initial imperfection can be arbitrary
continuous function, e.g., having the form

H(p) = Ao+Aizsin(z’%) +) 4, cos(j%) (5.1.14)
i J

with Ap, A; and A; being the amplitude coefficients and 7 , j € R. These parameters control
the error shape and magnitude.

Once H is given, the general solution to (5.1.12) can be found. After that, the above
equations are extended with boundary conditions. The displacement and rotation are zero
at the supports whereas all the fields are continuous, with the exception of the shear force,
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which displays a discontinuity of value ) at the crown point. These conditions is terms of
dimensionless displacements are

W|¢:_9 =W - = W|W:9 =W - =0, (5.1.15)
Wl o= Wl_0 W’ T W0 (5.1.16)
" " m " 2
w =W 4 + W = ——Q, (5.1.17)
o=—0 ©=40 ©=—0 ©=40 0
where () is the dimensionless load defined by @) = %.
Since the membrane strain is constant, it thus means
1 / 1 / 2 ! /
Emeff = %[U +W+§ <W> + W H'| = const. (5.1.18)

This finding links the external load and the strain for the imperfect shallow arch as

1 9

Emell = 55 [—Ul + W +05 (W) + WIH/] dy = const. (5.1.19)
—9

that is
2
> B@Q* =0. (5.1.20)
k=0

in short. With By, = By(Ao, Ai, Aj, K, 1, j, I, Ae, R, S, 0) being coefficients. The coefficients
By, By, By can be found once the initial displacements are selected. Equation (5.1.21) serves
the base for stability investigations since it expresses the nonlinear relationship between the
load and strain, it can be used to find the equilibrium path for arches. The local maxima of
this path is found by the mathematical condition

d 2
—( _B.P*)=0. (5.1.21)
dM k=0

for a given geometry and imperfection. These limit points hold the typical buckling loads.

5.2. Symmetric imperfection

In this section, we present computational results that consider a small, symmetric, cosine-
shaped initial imperfection of the form:

H= acos(n%). (5.2.1)

where a represents the dimensionless amplitude of the imperfection, and n is an odd integer,
representing the mode number. Examples of some imperfection profiles are shown in Figure
5.2. When a = 0, the structure corresponds to a perfect, unperturbed, circular arch. I
investigated this case in detail separately in [81]. In the forthcoming, if there is no further
indication, results are given for arches with S/r = 200, S = 10875 mm and F = 210 GPa.
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FIGURE 5.2. Some examples of symmetric initial imperfection shapes.

Figure 5.3.a illustrates the significant influence of the first mode imperfection (n = 1) on
the buckling loads of arches with small included angles. In contrast, for arches with larger
included angles, the critical loads vary only by a few percent. The choice of a = —0.01 results
in the highest allowable buckling loads, as well as the greatest geometric lower limit at which
buckling occurs. In this case, the buckling loads are highly uniform, making them almost
independent of the arch angle. In contrast, the curve representing a = +0.01 approaches
to the buckling load of a perfect arch from below, with progressively diminishing relative
differences.
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FIGURE 5.3. (a) buckling load, (b) relative buckling load as function of §,n = 1.

The relative load values in Figure 5.3.b provide insight into the impact of geometric
imperfections on load-bearing capacity. As visible, the critical load increases as the value
of a decreases. The reason behind this finding is that when the magnitude is positive,
it effectively ‘flattens’ the arch, whereas negative a makes it a slightly bit ‘more curved’
overall. As a result, the load-bearing capabilities of arches can become even better when a
small imperfection is included.

Q J Q@)
Qa=0)

-0.01 -0.005 o 0.005 0.01

FIGURE 5.4. (a) buckling load,(b) relative buckling load dependence on a, n = 1.
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To assess how a continuously varying imperfection affects the critical loads for n = 1,
Figure 5.4.a is referenced. In all cases presented, the loads decrease monotonically, with the
steepest decline occurring at § = 0.3. The angles # = 0.3 and # = 0.6 exhibit nonlinear
behavior, while 8 = 0.9 follows a linear trend. The smallest angle consistently shows the
lowest buckling loads. As depicted in Figure 5.4.b, the relative load values indicate that the
allowable load, compared to a perfect arch, can increase by up to 10%, but may also decrease
significantly by almost 19%.

In terms of the dimensionless load-relative strain relationships, Figure 5.5 compares five
samples of a magnitude with § = 0.4. Notably, all curves begin from the origin () = 0,
Emefr(a) = 0), indicating ¢ = 1. The curves exhibit a local maximum point as e, sy
increases from 0. Subsequently, the load decreases. There is one higher and one lower limit
point, regardless of the imperfection magnitude. It is noteworthy that the parameter a exerts
a significant influence on determining the curve endpoints, which manifest different values
on the vertical axis. In contrast to a = 0, as long as a < 0 , the strain decreases and the
critical load increases. Greater strain and smaller limit points values (upper & lower) are
indicated by greater a > 0. The position of the branch intersection point is not constant in
Emeff OF @, but rather a quasi-linear function of a.

Emett(2)
1.4 Sm,eﬂ(a = 0)

FIGURE 5.5. Load - dimensionless strain variations when 8 = 0.4 and n = 1.

The dimensionless load-crown point displacement Wy = W(p = 0)) when n = 1 and
0 = 0.4, is shown in Figure 5.6. The position of the upper limit point is in indirect proportion
to a; bigger magnitude indicates less displacement and a lower buckling load {the upper
limit point is moved backward}. On the other hand, the lower limit point possesses the
exact opposite properties
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FIGURE 5.6. Load - dimensionless crown displacements when 6§ = 0.4 and n = 1.
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Concentrating on the third imperfection mode (n = 3), Figure 5.7. illustrates the findings
related to the variation of critical load with respect to 6. The results indicate that for negative
amplitudes, there is an inverse relationship between the critical load and the included angle.
Furthermore, a greater difference in the critical load is observed for any given parameter a
as 6 approaches to 1, compared to the previous analysis with n = 1 for the same geometry.
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FIGURE 5.7. Buckling - load against arch semi-vertex angle 6, n = 3.

Figure 5.8 a. illustrates the continuous decrease in buckling load as a increases if n = 3.
Similar to previous observations in Figure 5.4, the steepest decline is noted for 6 = 0.3.
Two of the curves exhibit nonlinear behavior, and this time, the effect of the imperfection
is significantly more pronounced compared to the first mode. The relative load falls within
approximately £50% of the perfect arch.

3 a 0.5
-0.01 -0.005 0 0.005 0.01 -0.01 -0.005 0 0.005 0.01

FIGURE 5.8. (a)Buckling load, (b) relative buckling load changes—dependence
ona,n=3

The impact of S/r on the buckling load, as shown in Figure 5.9 for four different values,
is now examined. It is observed that the critical load increases as the S/r quotient increases,
indicating that arches with higher S/r ratios can sustain greater loads. As a increases, the
buckling load decreases in a non-linear and monotonous way. Within the chosen range, the
variation between the lowest and highest loads is substantial, influenced solely by a small
imperfection.
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FIGURE 5.9. Variation of the (a) buckling load, (b) relative buckling load
when 6 = 0.4, n = 3 dependence on S/r.

As illustrated in Figure 5.10 for Q-g,,.ry With n = 9, the intersections of the branches
are now in close proximity, significantly nearer to each other compared to the lower mode, as

seen in Figure 5.5. When the parameter a is positive, the lower limit point is only marginally
affected. However, the upper limit is considerably influenced by a.

0.4

Emef(@)
08 1 14 16 Emer(@=0)

FIGURE 5.10. Load-relative strain relationships when 6 = 0.4, n = 9.

5.3. Asymmetric imperfection

shaped initial imperfection of the form

which is shown in Figure 5.11 for some shape examples.

In this section, we present computational results that consider a small asymmetric sine-

H=a sin(n%)

(5.3.1)
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FIGURE 5.11. Some asymmetric initial imperfection shapes.

The critical load-angle curve for the perfect arch (a = 0), as depicted in Figure 5.12
, exhibits a monotonic behavior, starting with a steep gradient and gradually flatten near
6 = 0.5. When small imperfections are introduced, they generally lead to a reduction in
the buckling load. However, an exception is observed for small angles below 6 = 0.2, where
the imperfection enhances the stiffness of the structure, effectively improving its resistance
to buckling. Notably, at 8 = 0.11, the critical load shows the largest discrepancy, with a
deviation of approximately 33% compared to the perfect arch. In contrast, at § = 1, the
difference is significantly smaller, around 2.5%. This trend highlights the sensitivity of the
critical load to imperfections, which becomes more pronounced at certain angles. Across
most of the range, a bigger magnitude of the imperfection consistently results in a greater
deviation from the perfect case, regardless of the sign of a.
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FIGURE 5.12. (a) Critical load, (b) relative critical load dependence on 6 when
n = 1.

Comparing this behavior to the first-mode cosine shape imperfection discussed earlier
reveals several key differences. The sine-shaped imperfection converges more slowly to the
critical load of the perfect arch. Furthermore, it is more consistently reduces the buckling
load, whereas the cosine imperfection results in more significant reductions, particularly at
lower angles. These differences underscore how the type of imperfection function influences
the buckling response.

The dimensionless load-strain relationships for § = 0.4 are presented in Figure 5.13 . Up
to the intersection of the upper and lower branches, the results remain effectively independent
of the parameter a. Beyond this intersection, the independence persists over a short range.
However, differences eventually arise in both the buckling strain and the buckling load;
As the imperfection magnitude increases, both of these values exhibit a gradual decrease,
reflecting the influence of imperfections on the structure’s stability. This behavior contrasts
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significantly with the case of symmetric imperfections discussed in the previous subsection.
For symmetric imperfections, the intersection point was dependent on a, with changes in a
causing the intersection to shift both horizontally and vertically. Moreover, in the symmetric
case, the starting point of the upper branch was also affected by the imperfection amplitude.
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FIGURE 5.13. Load-relative strain relations when § = 0.4 and n = 1.

Figure 5.14 illustrates the relationship between the dimensionless crown displacement
and the dimensionless load. As the load increases, the primary stable branch is initially
steep, leading up to the upper limit point. This upper limit point, representing the lowest
load and displacement at which instability occurs, is first reached when a = 0.01. Beyond
this point, the curve transitions into an unstable branch, which is steepest for the perfect
geometry (a = 0), and continues until it reaches the lower limit point. Following this, a
remote stable branch emerges, where further increases in load once again corresponds to
increases in displacement.
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FIGURE 5.14. Load-displacement relations when § = 0.4 and n =1 .

These results can be directly compared to Figure. 5.6, which examines the case of
symmetric initial imperfection; in the earlier analysis, the primary branch was observed
to remain nearly independent of imperfections up to a load of approximately @) ~ 5. In
contrast, for the current sine-shaped imperfection with a = 0.01, a noticeable divergence
occurs much earlier, around ) &~ 2. Another key difference lies in the behavior of the remote
stable branches; for the sine imperfection, these branches are significantly closer to each
other, indicating less sensitivity to the imperfection amplitude in this region. Furthermore,
the unstable branches intersect with the perfect case for the sine imperfection, a phenomenon
not observed for the cosine shape. These distinctions highlight the influence of the initial
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imperfection shape function on the load-displacement response, particularly in the transitions
between stable, unstable, and remote branches.

Figure 5.15 explores the impact of increasing imperfection magnitude on the critical
dimensionless load for three selected angles. All curves start from the load corresponding
to the perfect arch (¢ = 0). As the imperfection magnitude increases, the critical load
decreases across all cases. The most significant drop occurs at § = 0.3, where the load
demonstrates a steep decline. In contrast, the change for § = 0.9 is relatively minor, following
an almost linear trend. Within the range considered, the maximum load reduction does not
exceed 7.7%, indicating a relatively low sensitivity to imperfections. These findings bear
some resemblance to those observed for the cosine-shaped imperfection. In both cases,
the smallest angle experiences the greatest reduction in critical load. However, the relative
buckling load in the cosine error scenario spans a range nearly three times larger, highlighting
more pronounced sensitivity to imperfection in that case.
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FIGURE 5.15. (a) Critical load, (b) relative load dependence on imperfection
magnitude when n = 1.

This paragraph examines the behavior associated with second-mode imperfections. The
typical load-angle curves are shown in Figure 5.16. It shows a similar shape with those for
n = 1, although the specific values differ. It is consistent with the first mode — at lower
angles, the presence of imperfections can enhance structural stiffness.
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FIGURE 5.16. (a) Critical load, (b) critical relative load distribution for arches
when n = 2.

Comparing this behavior to the n = 1 case, a similar relative change in load is observed,
but it occurs at slightly higher angles. Overall, the relative differences between the n = 1
and n = 2 modes are minimal, particularly when compared to the more significant variations
seen in the lowest cosine patterns. This indicates that the impact of the mode shape on load
response diminishes as the mode number increases.

Figure 5.17 examines the continuous variation of the imperfection parameter a and its
effect on the lowest buckling load. The analysis reveals that imperfections consistently reduce



Stability of imperfect curved beams 75

the buckling load across all cases. However, only at # = 0.3 does the initial decline eventually
transitions into a rise, though it never fully reaches the value of the perfect case. In contrast,
for other angles, such as 8 = 0.9, the buckling load decreases steadily without any recovery.
The magnitude of the impact varies with the angle. At § = 0.3, the maximum reduction
in the buckling load is approximately —4%, while at § = 0.9, it is around —3%. These
reductions are notably smaller than those observed for cosine-shaped imperfections but are
comparable in scale to the effects seen in the first sine mode.
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FIGURE 5.17. (a) Critical load, (b) relative load dependence on imperfection
magnitude if n =2 .

Next, the analysis focuses on the impact of S/r on the lowest buckling load of arches
at @ = 0.4, as shown in Figure 5.18. The results show that the highest selected S/r values
correspond to the greatest buckling loads, while S/r = 75 is associated with the lowest loads.
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FIGURE 5.18. (a) Critical load, (b) relative critical load changes in terms of
a for n = 2,as function of S/r.

Notably, the behavior of the S/r = 75 curve is distinct, as it exhibits an increase in
the buckling load with respect to a, whereas all other S/r relationships show a decreasing
trend. The maximum relative increase for S/r = 75 is approximately 5.1%, while the largest
observed decrease across the other cases is nearly 9%. These changes are significantly smaller
in magnitude compared to those observed in the cosine imperfection case, highlighting a
reduced sensitivity of the buckling load to imperfections under these conditions.

As shown in Figure 5.19 for # = 0.4 and n = 10, the buckling load increases, along with
the critical strain, as a small imperfection is introduced. In this respect, the behavior of the
curves and their characteristics are the exact opposite of those presented in Figure 5.13.
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FIGURE 5.19. Load - relative strain relations when 6 = 0.4 and n = 10 .

Figure 5.20 depicts the effect of varying the imperfection mode at a fixed angle of § = 0.4.
Both the strain and buckling load show an upward trend, with the curves remaining closely
aligned for a significant range. Even after their intersection, the curves continue to exhibit
a high degree of similarity, highlighting the consistent influence of imperfection mode on the
structural response within this range.
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FIGURE 5.20. Load-strain relations when # = 0.4, a = 0.01 - the effect of
imperfection mode n.

Furthermore, Figure 5.21 reveals two stable equilibrium branches separated by an unsta-
ble equilibrium branch.
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FIGURE 5.21. Load-displacement plots for = 0.4, n = 10.

These findings are consistent with the patterns observed in the previous figures, with the
additional insight that the presence of imperfections reduces the dimensionless displacement.
At the same time, the strain increases due to the influence of the initial shape error. It is
noted that this Chapter was based on Author publication {4}.



CHAPTER 6

Summary of the theses

Thesis 1.

I have investigated the stability problem of straight compressed beams with three sup-
ports. The intermediate support is a linear spring, restraining transverse motion, its position
is arbitrary. Three end-support arrangements were considered: fixed-fixed, fixed-pinned,
pinned-pinned. The beam has cross-sectional inhomogeneity and the cross-sections are uni-
form.

For these three-point boundary value problems, the definition of the Green function was
discussed. The related Green functions were given in closed-form for the selected problems.
The eigenvalue problems for the critical load were replaced by eigenvalue problems gov-
erned by homogeneous Fredholm integral equations with kernels derived from these Green
functions. Then the latter eigenvalue problems were converted to algebraic form using the
boundary element method. In limiting cases regarding the position of the intermediate sup-
port and the spring stiffness, the classical results for fixed-fixed, fixed-pinned, pinned-pinned
beams were found.

Publications related to this thesis point: {1}.

Thesis 2.

I have investigated the free vibrations of straight uniform beams with four supports. The
free vibration problems I attacked were considered as four-point boundary value problems.
To find solutions, I generalized the concept of the Green function for four-point boundary
value problems, extending the definition that was introduced for three-point boundary value
problems. All the properties and construction steps concerning these Green functions have
been clarified.

The Green functions were provided in closed-form for straight beams with cross-sectional
inhomogeneity that have two intermediate roller supports at arbitrary positions, while the
ends are either fixed-fixed or pinned-roller supported. With the related Green functions
as kernels, the assigned four-point eigenvalue problems were transformed to homogeneous
Fredholm integral equations. These were replaced by algebraic eigenvalue problems, which
were then solved numerically. In limiting cases regarding the position of the intermediate
supports, the classical results for fixed-fixed, fixed-pinned, pinned-pinned beams are found.
Publications related to this thesis point: {2}.

Thesis 3.

The Green function definition was extended to coupled boundary value problems, when
the differential operators have the same order but are different in the two domains. The
properties and construction steps were clarified in details. With the introduced method, I
investigated the free and loaded vibrations together with the stability of stepped straight
beams with cross-sectional heterogeneity. As regards the end supports, the beams are fixed-
fixed or pinned-pinned. The location of the step is arbitrary. The concentrated axial load is
exerted at one end of the beam.

7
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The Green functions were determined in closed-form for compressive and tensile axial
load as well. The stability problem was investigated for compressive load, while the loaded
vibration frequencies for both loading cases. The ratio of the natural circular frequency
square for the axially loaded beam and of the free vibrations (no axial load on the beam)
increases for tensile load, and decreases for compressive load. This relationship, as a function
of the load magnitude, is almost linear. Publications related to this thesis point: {3}.

Thesis 4.

I have investigated the in-plane limit-point stability of shallow arches. The perfect arches
are circular but contain initial geometrical imperfections. I incorporated the effect of arbi-
trary initial displacements to the mechanical model which is geometrically non-linear. The
imperfections cause initial strains but the initial stresses were neglected. The static equilib-
rium equations were found with the principle of virtual work. I developed analytical solutions
for some symmetric and anti-symmetric imperfection shapes.

I evaluated the results for the buckling loads and in-plane behavior. The lowest mode
shape errors have greatest effects on the lowest buckling load for smaller opening angles.
This effect can be positive or negative too, depending on the actual imperfection parameters.
The equilibrium path can show two kinds of behavior. When snap-through buckling is not
possible, there is one stable equilibrium branch. When there exists a buckling load, the
number of equilibrium branches is three: one primary and remote stable, with an unstable
between. Publications related to this thesis point: {4}.
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APPENDIX A

Some related calculations and transformations

A.1. Characteristic equations used in Chapter 2

In this section, we present the characteristic equations that were solved for benchmark purposes.
If the axial force is compressive (N > 0) then, as per equation (2.1.9), the stability of straight
beams are governed by

ilfm?i;’:o p2:N:L21]jy (A.1.1)
The general solutions on the left and right beam parts are
wy = a1 + as + a3 cos pr + a4 sin px, x € [0,b] (A.1.2a)
and
wy = €1 + cox + c3cospx + cysinpr, x € [b,f = 1] (A.1.2b)
where a; and ¢, (k=1,...,4) are coefficients.

For FssF beams, the related boundary and continuity conditions are

w(0) =0, w0)=0; w(1)=0, w(1)=0, (A.1.3a)

wyr(b—0) =we(b+0),
D(b—0)=w(b+0),
w® (b - 0) =w?(b+0),
w® (b —0) — xw®d) = w® (b +0).

The above set self-adjoint eigenvalue problem determines the following equation system:

w,

(
’(" (A.1.3b)

Boundary conditions if z = 0:

a1 +asz =0,
az +pag =0.

Continuity conditions at x = b:
¢1 + c2b + c3 cos pb + c4sinpb — (¢1 + c2b + ¢35 cos pb + ¢4 sin pb) = 0,
ag — pas + payg cos pb — (ca — peg sin pb + pey cos pb) = 0,
—agz cos pb — a4 sin pb — (—c3 cos pb — ¢4 sin pb) = 0,
plazsinpb — p3ay cos pb — x(ay + asb + a3 cos pb + ay sin pb)—
— (p®c3sinpb — pPey cospb) = 0
Boundary conditions at x = £ = 1:

c1+cg+cgcosp+cysinp =0,
cg —pc3sinp + peacosp = 0.

As the system is homogeneous, non-trivial solutions exist if the determinant of the coefficient
matrix vanishes, so
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10 1 0 0 O 0 0

01 0 P 0 O 0 0

10 cos pb sin pb —1 —b —cospb —sinpb

01 —psinpb pcos pb 0 —1 psinpb —pcospb |
100 — cospb — sin pb 0 0 cospdb sin pb -

X xb xcospb — p3sinpb ysinpb+p3cospb 0 0 p3sinpb —p? cos pb

00 0 0 1 1 cosp sinp

00 0 0 0 1 —psinp pcosp

= 2p* cosp + p’sinp — 2p* + Xp(2 (sinp(b—1) 4 sinp — sin bp)—

1
— 5P <cos (p — 2bp) — 2pcos (p — bp) + gp cosp) — 2p?b (cos p(b — 1) — cos bp) +
+p%(b—1)sinp) =0. (A.14)
In special case, if x — oo or xy = 0 we find
1 3
2(sinp(b— 1) + sinp — sinbp) — 5P (cos (p — 2bp) — 2pcos (p — bp) + 2pcosp) -

— 2p?b (cos p(b — 1) — cosbp) + p*b(b— 1)sinp =0 (A.1.5a)
And

2cosp+ psinp—2=0. (A.1.5b)
The critical value of p is 27 for fixed-fixed beams.
For FssP beams, the characteristic equation is

10 1 0 0 O 0 0
01 0 P 0 O 0 0

10 cos pb sin pb —1 —b —cospb —sinpd
01 —psin pb p cos pb 0 —1 psinpb —pcospb
00 —cospb — sinpb 0 0 cospb sin pb

X xb xcospb— p?sinpb ysinpb+p2cospb 0 0 p3sinpb —p? cos pb
00 0 0 1 1 cosp sinp
00 0 0 0 0 cosp Sinp

= x(bp?(1 = b) cos p — p(1 — b) sinp + 2p(1 — b) sin p(1 — b) — pcos pbsin p(1 — b)
— cosp + cospbeosp(l — b)) + pPsinp — ptcosp (A.1.6)
If x = oo or x =0 we find

bp?(1 —b) cosp — p(1 — b) sinp 4 2p(1 — b) sinp(1 — b) — pcos pbsin p(1 — b)
—cosp+cospbecosp(l —b) =0 (A.1.7a)
And
sinp —pcosp=0. (A.1.7b)
The critical value of p is 1.430297 for fixed-pinned beams.
For PssP beams, since a; = ag = 0, we have

b sin pb —1 —b —cospb —sinpb

1 P cos pb 0 —1 psinpb —pcospb

0 — sin pb 0 0 cos pb sinpb |
—xb —p3cospb — xsinpb 0 0 —p3sinpb p3cospb |

0 0 1 1 cosp sinp

0 0 0 0 cosp sinp

= pPsinp — x (pb (1 — b)sinp — (cospb) cos p(1 — b) + cosp) = 0. (A.1.8)
In case y — oo or x = 0 we have

pb (1 —b)sinp — (cos pb) cosp(l —b) + cosp =0 (A.1.9a)
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And
sinp =0. (A.1.9b)
The critical value of p is 7 for pinned-pinned beams.

A.2. Stability issue of beam under a compressive force of Chapter 4

A.2.1. FFStep case . Based on (4.6.1), the stability of stepped beams is governed by equation
Kia(wi(z)) =0,  Kau(wa(z)) =0 (A2.1)

which is paired with the boundary and continuity conditions of Table 4.1. Using the solutions of
(4.6.3) and ps = /N3, the equation system for the unknowns is

[10 1 0 0 0 0 0 ar 0
01 0 D27y 0 O 0 0 ag1 0
1b  cosbpyy sinbpay —1 —b —cospsb —sinpsb asy 0
0 1 —poysinbpyy paycosbpyy 0 —1 posinpsb —ppcospab | |aa | _ |0 (A.2.2)
00 —cosbpyy —sinbpyy 0 O cos pa2b sin pob aio 0 o
00 ~sinbpyy —vycosbpey 0 0 —sinpb cos pa2b ag9 0
00 0 0 1 £ cospyl sin pol ass 0
00 0 0 0 1 —posinpal poycospal a49 0
v =Va

The characteristic equation therefore, is

1 1
D = P2 cos (p2 (b —£) + bypz2) — P2 cos (p2 (b =€) — byp2) + 2ypa+

1 1

- 572172 cos (p2 (b — ) + bypa) — 572132 cos (p2 (b—£) — byp) —
— yp2 cos (p2 (b — £) + bypa) — yp2 cos (p2 (b — £) — bypz) +
1 . 1 .

+ 59p3 sin (p2 (b — €) + bypa) + 5ylp3 sin (pa (b — £) — bypa) -

1 . 1 .
— 572@)% sin (p2 (b — €) + byp2) + 572617% sin (pa (b—¥€) —byp2) =0 (A.2.3)

In special case « = b =/¢ =1 and ps = p. Then the characteristic equation for a uniform fixed-fixed
beam is

D=2-—2cosp—psinp=0 (A.2.4)
yielding p = 27. Equation (A.2.3) can be solved numerically. Figure A.1 illustrates the critical
force \/ Naeit(b) against b.
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FIGURE A.1. Critical force against b, « is a parameter.
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A.2.2. PPStep beams . Under such support conditions, the equation system is
(10 1 0 0 0 0 0  |[au] [O]
00 1 0 0 0 0 0 as1 0
1b cosbpyy sinbpey —1 —b —cospeb —sinpsb as1 0
0 1 —poysinbpyy paycosbpyy 0 —1 pasinpab —ppcospab | |asr | _ |0 (A.2.5)
00 —cosbpyy —sinbpyy 0 0 cospab sin pob a2 0 o
00 ~sinbpyy —vycosbpey 0 0 —sinpeb cospod as 0
00 0 0 1 ¢ cospol sin pol ass 0
_O 0 0 0 0 0 cospal sin pol | | a2 | _0_
v=Va
So the characteristic equation is
D = —~Lcosbypysinps (£ — b) — £sinbypa cosps (€ —b) =0 (A.2.6)
In special case, when « = b= ¢ =1 and ps = p, then it is a uniform pinned-pinned beam with
D =sinp=0 (A.2.7)

from where p = 7 is the smallest root for p. Equation (A.2.6) was solved numerically. Figure A.2
depicts the critical force \/Naeit(b) variation against b.
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FIGURE A.2. Critical force against b, « is a parameter.

A.3. Some detailed transformations of Chapter 5

A.3.1. The principle of virtual work . The internal virtual work in the arch is transformed
using equations (5.1.1) — (5.1.9), hence

// 1+
J 1] acaa
JAX

d5u ow

ds R) ds

R déu ow ddyp dow dh
R+C(d +§+C—)+¢5¢+d—d—]d/1d

ou  déw ¢

R ds

Further using Here, applying the integration by parts theorem returns

[
L ds

1dM 1 M
(N
Ras Nt

R)w> duds—

do
—l—R) /CO’gdA v /1—|— UgdAw(—dS)—i-/A(l—i—R)agdA

M
dow  owy 40w <N+ R>¢(5“_d‘w’)+ <N+R> dowdh e (a3.1)

ds ds

déw dh
v tds =

ds ds]
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M N d M M\ d2h
2 N+ )Yy [N+ ) = ) owds=0. (A.32
/L<d52 R ds< +R>¢ ( +R>ds2) e (A.3.2)

These integrands express the equilibrium equations.
The first term shows that the membrane strain is constant over the centroidal axis

/

Emeff = 0 (A33)

A.3.2. The equilibrium expressed with the displacements. Here, we transform the sec-
ond integrand in A.3.2, with the aid of equations (5.1.1) — (5.1.7), thus

N  Acmers M I A M I I,
= % ~m = R%T:gmveff -~ = ﬁgmem,eff + R—Z(w +w), (A.3.4)
I., I, A.R? T/ I, , »
—R—Z(w +w) — R—Z%stm,e”zﬂ — ﬁzﬁgm’eff — R—Z(w +w) =0. (A.3.5)
Overall, it yields
(w  +w' )+ Reemepr( +1+H' )+ (w' +w) =0, (A.3.6)
where
’ 1 1 2 "
Rgm,eff(l + ) = REmyeff 1+ E(Rgm’eff —w — 51/) R—w ) ~
Reperf(l4emerf) — 6m,eff(w/l +w) = Repeff — 6m7eff(w” +w). (A.3.7)
Finally, the radial equilibrium of the imperfect arch is determined by
w o +2w +w— m€m7eff(w,, +w+h')= —KkRem et f (A.3.8)

or briefly, with dimensionless displacements, it is

"

W+ P+ )W W =2 - 1)1+ H). (A.3.9)
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